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3 Ination

3.1 Motivation

In this setion we will try to understand some of the basi ob-

served properties of the universe listed in Setion 1.2. For sim-

pliity we will assume approximate homogeneity and isotropy.

5. & 1. Expanding and old

General relativity tells us that the universe is dynamial

and so would be expeted to be either expanding or

ontrating. From

3H

2

+ 3K = � (121)

we see that if � � 0 and K � 0 the universe will expand

forever.

2. Big

An old expanding universe should be big, but how big?

It would be natural to reate a Plank size universe ex-

panding at the Plank rate, L � H � 1. The urrent

value of the Hubble parameter is H

0

� 10

�60

, and so for

a universe dominated by radiation or matter sine the

Plank epoh the urrent size of the universe would be

L

0

� 10

30

� 0:1mm or L

0

� 10

40

� 10

3

km respetively.

We know the universe is bigger: L

0

& 1=H

0

� 10

60

. To

start with LH � 1 and end up with LH & 1 we need

d

dt

(LH) � 0 ; i.e. �a � 0 (122)
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3. A lot of matter

The universe ontains a lot of matter,M

0

& 10

60

. Where

did it all ome from? To reate matter or energy in

an expanding universe requires p < 0.

1

However, we

don't just need to reate energy, we need to reate en-

ergy rapidly enough to get E

0

& �

0

(1=H

0

)

3

� �

�1=2

0

. It

is natural to expet the universe to be reated with a

Plank mass of energy, E � 1, at the Plank density,

� � 1. To go from E � �

�1=2

to E & �

�1=2

requires

d lnE

d ln a

� �

1

2

d ln �

d ln a

; i.e.

d lnE

d ln a

� 1 (123)

This requires p � ��=3 whih gives �a � 0.

6. No observable spatial urvature

We know that the spatial urvature is now smaller than

the energy density, jK

0

j < �

0

� 10

�120

. The initial on-

ditions at the Plank epoh (� � 1) required to ahieve

this in a universe dominated by radiation or matter are

jKj . 10

�60

or jKj . 10

�40

respetively. Even at the

time of nuleosynthesis it requires jKj . 10

�15

�. These

an hardly be regarded as sensible initial onditions.

Instead it would be natural to reate a universe with

jKj � � � 1. To evolve from jKj � � to jKj < �

requires

�

d ln �

d ln a

� �

d lnK

d ln a

= 2 ; i.e. �a � 0 (124)

1

Negative gravitational potential energy is generated at the same time

so the total energy is onserved.
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Thus, the fat that the universe is big, L

0

& 1=H

0

, that

it ontains a lot of matter, M

0

& 1=H

0

, and that it has no

observable spatial urvature, jK

0

j < H

2

0

, all suggest that

�a � 0 (125)

on average during the history of the universe. We know that

muh of the reent expansion of the universe ourred with

�a < 0, and so require a suÆiently long earlier epoh with

�a > 0.

4. Homogeneous and isotropi

We are assuming approximate homogeneity and isotropy

and so all we an hope to explain is how to make an ap-

proximately homogeneous and isotropi universe more

homogeneous and isotropi on the appropriate sales.

If �a > 0, omoving sales leave the horizon. There-

fore omoving inhomogeneities and anisotropies will get

strethed beyond the horizon. �a > 0 also implies that

� dereases more slowly than a

�2

. Therefore disrete

inhomogeneities will get diluted. Thus if �a > 0, sales

�xed relative to the horizon will tend to beome homo-

geneous and isotropi.

Note that any unwanted relis (partiles, blak holes,

topologial defets) from the early universe an be viewed

as inhomogeneities and are got rid of in the same way.

7. Density perturbations

If �a > 0, vauum (or even thermal) utuations on sub-

horizon sales an be magni�ed into lassial perturba-

tions on superhorizon sales. This will be the subjet of

Setion 3.6.
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3.2 De�nition of ination

We have seen that many of the basi observed properties of

the universe an be explained by a suÆiently long epoh with

�a > 0. This is the usual de�nition of ination.

Ination is haraterized by

Repulsive gravity

�a > 0 (126)

Comoving sales leave the horizon

d

dt

�

�

phys

1=H

�

> 0 (127)

SuÆiently slowly dereasing Hubble parameter

�

d lnH

d ln a

< 1 (128)

Curvature dereases relative to the energy density

�

d lnK

d ln a

> �

d ln �

d ln a

(129)

SuÆiently negative pressure

p < �

1

3

� (130)
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The amount of ination is measured by

N = ln _a = ln(aH) (131)

During ination, H is usually approximately onstant, and

so N is approximately equivalent to the number of e-folds of

expansion

N = ln a =

Z

Hdt (132)

whih is what is usually used to desribe the time during

ination.

It is useful to know when a given omoving sale k rosses

the horizon during ination. De�ning horizon rossing to o-

ur when aH = k, a omoving sale rosses the horizon a

number of e-folds N before the end of ination given by

N = N

end

�N

ross

= N

end

�N

ross

+ ln

�

H

ross

H

end

�

(133)

and

N

end

�N

ross

= (N

end

�N

nu

) + (N

nu

�N

0

)� (N

ross

�N

0

)

= (N

end

�N

nu

) + 20� ln

�

k

a

0

H

0

�

(134)

Subsript nu denotes the beginning of nuleosynthesis, whih

is taken to be when the temperature was T = 10MeV. This

is the earliest time at whih the evolution of the universe is

well understood and observationally tested. What happened

before nuleosynthesis is highly speulative. N

end

�N

nu

ould

be positive or negative, with positive values restrited to be

. 40. The urrent sales of observational osmology span the

range ln (k=a

0

H

0

) � 0 to 15.
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