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3 Ination

3.1 Motivation

In this setion we will try to understand some of the basi ob-

served properties of the universe listed in Setion 1.2. For sim-

pliity we will assume approximate homogeneity and isotropy.

5. & 1. Expanding and old

General relativity tells us that the universe is dynamial

and so would be expeted to be either expanding or

ontrating. From

3H

2

+ 3K = � (121)

we see that if � � 0 and K � 0 the universe will expand

forever.

2. Big

An old expanding universe should be big, but how big?

It would be natural to reate a Plank size universe ex-

panding at the Plank rate, L � H � 1. The urrent

value of the Hubble parameter is H

0

� 10

�60

, and so for

a universe dominated by radiation or matter sine the

Plank epoh the urrent size of the universe would be

L

0

� 10

30

� 0:1mm or L

0

� 10

40

� 10

3

km respetively.

We know the universe is bigger: L

0

& 1=H

0

� 10

60

. To

start with LH � 1 and end up with LH & 1 we need

d

dt

(LH) � 0 ; i.e. �a � 0 (122)
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3. A lot of matter

The universe ontains a lot of matter,M

0

& 10

60

. Where

did it all ome from? To reate matter or energy in

an expanding universe requires p < 0.

1

However, we

don't just need to reate energy, we need to reate en-

ergy rapidly enough to get E

0

& �

0

(1=H

0

)

3

� �

�1=2

0

. It

is natural to expet the universe to be reated with a

Plank mass of energy, E � 1, at the Plank density,

� � 1. To go from E � �

�1=2

to E & �

�1=2

requires

d lnE

d ln a

� �

1

2

d ln �

d ln a

; i.e.

d lnE

d ln a

� 1 (123)

This requires p � ��=3 whih gives �a � 0.

6. No observable spatial urvature

We know that the spatial urvature is now smaller than

the energy density, jK

0

j < �

0

� 10

�120

. The initial on-

ditions at the Plank epoh (� � 1) required to ahieve

this in a universe dominated by radiation or matter are

jKj . 10

�60

or jKj . 10

�40

respetively. Even at the

time of nuleosynthesis it requires jKj . 10

�15

�. These

an hardly be regarded as sensible initial onditions.

Instead it would be natural to reate a universe with

jKj � � � 1. To evolve from jKj � � to jKj < �

requires

�

d ln �

d ln a

� �

d lnK

d ln a

= 2 ; i.e. �a � 0 (124)

1

Negative gravitational potential energy is generated at the same time

so the total energy is onserved.
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Thus, the fat that the universe is big, L

0

& 1=H

0

, that

it ontains a lot of matter, M

0

& 1=H

0

, and that it has no

observable spatial urvature, jK

0

j < H

2

0

, all suggest that

�a � 0 (125)

on average during the history of the universe. We know that

muh of the reent expansion of the universe ourred with

�a < 0, and so require a suÆiently long earlier epoh with

�a > 0.

4. Homogeneous and isotropi

We are assuming approximate homogeneity and isotropy

and so all we an hope to explain is how to make an ap-

proximately homogeneous and isotropi universe more

homogeneous and isotropi on the appropriate sales.

If �a > 0, omoving sales leave the horizon. There-

fore omoving inhomogeneities and anisotropies will get

strethed beyond the horizon. �a > 0 also implies that

� dereases more slowly than a

�2

. Therefore disrete

inhomogeneities will get diluted. Thus if �a > 0, sales

�xed relative to the horizon will tend to beome homo-

geneous and isotropi.

Note that any unwanted relis (partiles, blak holes,

topologial defets) from the early universe an be viewed

as inhomogeneities and are got rid of in the same way.

7. Density perturbations

If �a > 0, vauum (or even thermal) utuations on sub-

horizon sales an be magni�ed into lassial perturba-

tions on superhorizon sales. This will be the subjet of

Setion 3.6.
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3.2 De�nition of ination

We have seen that many of the basi observed properties of

the universe an be explained by a suÆiently long epoh with

�a > 0. This is the usual de�nition of ination.

Ination is haraterized by

Repulsive gravity

�a > 0 (126)

Comoving sales leave the horizon

d

dt

�

�

phys

1=H

�

> 0 (127)

SuÆiently slowly dereasing Hubble parameter

�

d lnH

d ln a

< 1 (128)

Curvature dereases relative to the energy density

�

d lnK

d ln a

> �

d ln �

d ln a

(129)

SuÆiently negative pressure

p < �

1

3

� (130)
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The amount of ination is measured by

N = ln _a = ln(aH) (131)

During ination, H is usually approximately onstant, and

so N is approximately equivalent to the number of e-folds of

expansion

N = ln a =

Z

Hdt (132)

whih is what is usually used to desribe the time during

ination.

It is useful to know when a given omoving sale k rosses

the horizon during ination. De�ning horizon rossing to o-

ur when aH = k, a omoving sale rosses the horizon a

number of e-folds N before the end of ination given by

N = N

end

�N

ross

= N

end

�N

ross

+ ln

�

H

ross

H

end

�

(133)

and

N

end

�N

ross

= (N

end

�N

nu

) + (N

nu

�N

0

)� (N

ross

�N

0

)

= (N

end

�N

nu

) + 20� ln

�

k

a

0

H

0

�

(134)

Subsript nu denotes the beginning of nuleosynthesis, whih

is taken to be when the temperature was T = 10MeV. This

is the earliest time at whih the evolution of the universe is

well understood and observationally tested. What happened

before nuleosynthesis is highly speulative. N

end

�N

nu

ould

be positive or negative, with positive values restrited to be

. 40. The urrent sales of observational osmology span the

range ln (k=a

0

H

0

) � 0 to 15.
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3.3 Types of ination

Ination requires a form of matter with p < �

1

3

�. This an

be provided by positive vauum energy density, or, more gen-

erally, by the potential energy density of a salar �eld, both

of whih have p = ��.

In this setion we will desribe the types of ination that

emerge naturally from partile physis, and also the type that

is required to produe an approximately sale-invariant spe-

trum of density perturbations.
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3.3.1 Positive osmologial onstant
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This is the simplest type of ination. The energy density of

the universe is dominated by a positive osmologial onstant,

i.e. the positive energy density of our vauum. The universe

then expands exponentially

a / e

Ht

; H = onstant (135)

The energy density in any radiation or matter deays expo-

nentially, as does the urvature

�

rad

/ e

�4Ht

; �

mat

/ e

�3Ht

; K / e

�2Ht

(136)

This type of ination never ends and so annot be the origin

of our hot Big Bang universe.
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3.3.2 False vauum ination
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Here the positive vauum energy is that of a false vauum

so that ination an end by quantum tunneling to the true

vauum. If the deay rate per unit volume � & H

4

, ination

will barely begin, so we will assume � . H

4

.

One the universe beomes trapped in the false vauum,

spaetime will tend to de Sitter spae, whih ontains the

exponentially large, at, homogeneous and isotropi, spatial

hypersurfaes that we want ination to produe. However, be-

ause de Sitter spae is not just spatially homogeneous, but

is ompletely homogeneous, it has no lok, i.e. no unique

hoie of time-sliing, to distinguish these hypersurfaes from

any others. The quantum tunneling is a random Poisson pro-

ess and so also does not have a lok. Therefore, the end

of ination annot be synhronized to our on one of these

exponentially large, at, homogeneous and isotropi, spatial

hypersurfaes, and so the ahievements of the ination are

not preserved by the exit from ination.
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Indeed, if � . H

4

, the ination never ends ompletely be-

ause the volume of the universe whih is inating inreases

at a rate faster than it an be eaten up by the nuleating and

expanding bubbles of true vauum. One gets an eternally in-

ating universe ontinually nuleating bubbles of true va-

uum. Eah of these bubbles of true vauum orresponds to

.
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an in�nite, negative urvature dominated, homogeneous and

isotropi universe. Thus if a subsequent more phenomeno-

logially aeptable ination ourred within some of these

bubble universes, one ould have an eternally inating uni-

verse �lled with an in�nite number of hot Big Bang bubble

universes.
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3.3.3 Thermal ination

Here the �nite temperature e�etive potential provides the

false vauum, and the temperature ats as a lok to synhro-

nize the end of ination.
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�

T

Consider the �nite temperature e�etive potential

V = V

0

+

1

2

�

g

2

T

2

�m

2

�

�

2

+ : : : (137)

with g � 1. When

m . T . V

1=4

0

(138)

the salar �eld � is held at � = 0 by the �nite temperature T ,

and the false vauum energy density V

0

dominates the thermal

energy density � T

4

and so drives an epoh of ination.
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The temperature T dereases during the ination as

T /

1

a

/ e

�Ht

; H =

r

V

0

3

(139)

and ats as a lok to synhronize the end of ination. The

ination lasts for

N � ln

�

T

initial

T

�nal

�

� ln

 

V

1=4

0

m

!

(140)

e-folds. To get a signi�ant amount of ination we require

m� V

1=4

0

(141)

For example, potentials of the form

V = V

0

�

1

2

m

2

�

2

+

�

2

M

2n

Pl

�

4+2n

; n � 1 (142)

whih are ommon in supersymmetri theories, have their

minimum at � � M � m, and so in order to anel the

osmologial onstant have V

0

� m

2

M

2

� m

4

. For m �

m

EW

� 10

�16

and � � 1 we get

N �

n

2(n+ 1)

ln

�

1

m

�

� 18

�

n

n+ 1

�

(143)

Thus, even for n = 1, whih orresponds to M = M

Pl

, a

single epoh of thermal ination does not give enough e-

folds of ination to make the universe big, at, et.

Also, thermal ination is not a sale-invariant proess,

the temperature falls like T / 1=a, and so an not produe a

sale-invariant spetrum of density perturbations.
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3.3.4 Rolling salar �eld ination

Here a rolling salar �eld provides the lok that synhronizes

the end of ination.
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�

Ination requires p < ��=3, and for a homogeneous salar

�eld

� =

1

2

_

�

2

+ V (144)

p =

1

2

_

�

2

� V (145)

and so to get ination we need

_

�

2

< V (146)

This is most simply ahieved near a maximum of the potential

V = V

0

�

1

2

m

2

�

2

+ : : : (147)

The equation of motion for the salar �eld is

�

�+ 3H

_

�+ V

0

= 0 (148)

The frition term 3H

_

� arises from the expansion of the uni-

verse whih damps the kineti energy.

If � = 0, or is suÆiently small, the dynamis will be

dominated by quantum utuations. Using the results of Se-

tion 3.4, one an show that one gets eternal ination in the

neighborhood of � = 0 if m

2

� 6V

0

.
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One � esapes from the neighborhood of zero, whih we

rudely take to our when � & H, the lassial motion will

dominate. While � is still near the top of the potential, ��

V

1=2

0

=m, we have H '

p

V

0

=3, and so an solve the equation

of motion to give

� / a

�

(149)

where

� =

3

2

 

s

1 +

4m

2

3V

0

� 1

!

(150)

Ination will end when � � V

1=2

0

=m. Therefore the number

of e-folds of this lassial rolling ination is

N �

1

�

ln

�

�

end

�

initial

�

�

1

�

ln

�

1

m

�

(151)

For m � m

EW

� 10

�16

this gives

N �

37

�

(152)

To obtain a signi�ant amount of ination we require

m .

V

1=2

0

M

Pl

(153)

whih is a muh stronger onstraint than that required by

thermal ination (m� V

1=4

0

).

From Eq. (149) we see that rolling salar �eld ination is

not sale-invariant, unless �� 1 whih is the slow-roll limit

to be disussed the next setion, and so will not in general

produe a sale-invariant spetrum of density perturbations.
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3.3.5 Slow-roll ination

This is the sale-invariant limit of rolling salar �eld ina-

tion.

Observations show that the density perturbations are ap-

proximately sale-invariant on the largest observable sales.

This presumably means that the ination that produed them

should be an approximately sale-invariant proess. This in

turn means that, during ination, physial quantities suh as

the potential and kineti energy densities should remain ap-

proximately onstant as the sale fator a inreases. This is

quanti�ed by

�

�

�

�

d lnX

d ln a

�

�

�

�

� 1 (154)

for all relevant quantities X that do not depend expliitly on

the sale fator a. For example

�

d lnH

d ln a

= �

_

H

H

2

� 1 (155)

and

�

�

�

�

�

d ln

_

�

d ln a

�

�

�

�

�

=

�

�

�

�

�

�

�

H

_

�

�

�

�

�

�

� 1 (156)

Eq. (155) is usually valid in other types of ination as well.

It gives

3H

2

' V (157)

Using Eq. (156), the equation of motion

�

�+ 3H

_

�+ V

0

= 0 is

approximated by the harateristi, frition dominated, slow-

roll equation of motion

3H

_

�+ V

0

= 0 (158)
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Ignoring transients, in terms of the potential Eqs. (155)

and (156) translate to

�

V

0

V

�

2

�

1

M

2

Pl

(159)

and

�

�

�

�

V

00

V

�

�

�

�

�

1

M

2

Pl

(160)

The �rst suggests we should be near a maximum, or other

extremum, of the potential. The seond is non-trivial, and in

fat provides one of the most serious obstales to building a

model of slow-roll ination. To get a sense of why this is so,

note that if you try to build a model of ination in an e�etive

�eld theory that neglets gravitational strength interations,

then you are impliitly setting M

Pl

=1. Clearly one annot

ahieve Eq. (160) in this ontext.

If instead one works in supergravity, then one an show

that if the inationary potential energy density is dominated

by the F -term then

V

00

V

=

1

M

2

Pl

+model dependent terms (161)

Therefore, to build a model of slow-roll ination one must be

able to ontrol the gravitational strength interations.

Referenes

1. E. D. Stewart, Physial Review D51 (1995) 6847-6853.
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3.4 Quantum �elds in de Sitter spae

In this setion we will investigate the behavior of a quantized

salar �eld in de Sitter spae.

For simpliity, we will assume that the spaetime is ho-

mogeneous and isotropi despite the fat that the salar �eld

is not, i.e. we will neglet the bak-reation of the utua-

tions in the salar �eld on the metri. This will be onsistent

if the perturbations in the energy density, pressure, et., are

negligible. For example, the behavior of the salar �eld near

the maximum of the potential in rolling salar �eld ination

(Setion 3.3.4) an be desribed using this formalism.

In a homogeneous and isotropi expanding universe with

metri

ds

2

= dt

2

� a(t)

2

dx

2

(162)

the ation for a free massive real salar �eld

S =

Z

1

2

�

g

��

�

�

� �

�

��m

2

�

2

�

p

�g d

4

x (163)

beomes

S =

Z

1

2

�

_

�

2

�

1

a

2

(r�)

2

�m

2

�

2

�

a

3

dt d

3

x (164)

Introduing the onformal time �

d� =

dt

a

(165)

whih is de�ned to make the metri onformally at

ds

2

= a(�)

2

�

d�

2

� dx

2

�

(166)
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denoting the derivative with respet to � by a prime

�

0

= a

_

� (167)

and de�ning

' = a� (168)

gives

S =

Z

1

2

�

'

02

� (r')

2

�

�

a

2

m

2

�

a

00

a

�

'

2

�

�

a

0

a

'

2

�

0

�

d� d

3

x

(169)

The equation of motion is

'

00

�r

2

'+

�

a

2

m

2

�

a

00

a

�

' = 0 (170)

This has the general solution

'(�;x) =

Z

d

3

k

(2�)

3=2

h

a

k

'

k

(�) + a

y

�k

'

�

k

(�)

i

e

ik�x

(171)

where '

k

satis�es

'

00

k

+

�

k

2

+ a

2

m

2

�

a

00

a

�

'

k

= 0 (172)

and is normalized suh that

'

k

'

�0

k

� '

0

k

'

�

k

= i (173)

The quantization ondition

['(�;x); '

0

(�;y)℄ = i Æ

3

(x� y) (174)

gives

h

a

k

; a

y

l

i

= Æ

3

(k� l) (175)
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In de Sitter spae, H is onstant, a = e

Ht

,

� = �

1

aH

(176)

and Eq. (172) beomes

'

00

k

+ k

2

'

k

+

1

�

2

�

m

2

H

2

� 2

�

'

k

= 0 (177)

On sales well inside the horizon, �k� !1, this redues

to

'

00

k

+ k

2

'

k

= 0 (178)

whih has normalized solution

'

k

=

1

p

2k

�

A

k

e

�ik�

+B

k

e

ik�

�

; jA

k

j

2

� jB

k

j

2

= 1 (179)

If the inationary expansion has been going on for suÆiently

long, the salar �eld should be in the usual at spae vauum

state on sales well inside the horizon. Therefore, we should

take B

k

= 0 so that a

k

and a

y

k

orrespoond to the usual

at spae annihilation and reation operators, and the state

should be j0i where

a

k

j0i = 0 (180)

We are free to take A

k

= 1 to get

'

k

!

1

p

2k

e

�ik�

as � k� !1 (181)

The solution of Eq. (177) whih mathes onto Eq. (181)

on sales well inside the horizon is

'

k

= e

i

(

�+

1

2

)

�

2

r

�

4k

p

�k� H

(1)

�

(�k�) (182)
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where

� =

r

9

4

�

m

2

H

2

(183)

A useful speial ase is m = 0 whih gives � =

3

2

and

'

k

=

1

p

2k

�

1�

i

k�

�

e

�ik�

(184)

On sales well outside the horizon we have

'

k

! e

i

(

��

1

2

)

�

2

 

2

�

�(�)

2

3

2

�(

3

2

)

!

1

p

2k

(�k�)

1

2

��

as � k� ! 0

(185)

If m

2

�

9

4

H

2

then � 2 < and so '

k

and '

�

k

have the same

time dependene. This allows us to rewrite the superhorizon

Fourier modes, i.e. those with k � aH, as

a

k

'

k

(�) + a

y

�k

'

�

k

(�) = b

k

 

2

�

�(�)

2

3

2

�(

3

2

)

!

1

p

2k

(�k�)

1

2

��

(186)

where

b

k

= e

i

(

��

1

2

)

�

2

a

k

+ e

�i

(

��

1

2

)

�

2

a

y

�k

(187)

Now

h

b

k

; b

y

l

i

= 0 (188)

and so the superhorizon Fourier modes are lassial Gaussian

random variables with

h0jb

k

b

y

l

j0i = Æ

3

(k� l) (189)

42



PH754 - Cosmology KAIST

Now

h0j�

2

j0i =

1

a

2

h0j'

2

j0i =

1

a

2

Z

d

3

k

(2�)

3

j'

k

j

2

(190)

Therefore, using Eq. (184), in the speial ase of m = 0

h0j�

2

j0i =

1

a

2

Z

d

3

k

(2�)

3

2k

�

1 +

a

2

H

2

k

2

�

=

1

(2�)

2

Z

k dk

a

2

+

�

H

2�

�

2

Z

dk

k

(191)

The �rst term is the usual short wavelength divergene of

quantum �eld theory and does not onern us here. The

seond term dominates on the lassial superhorizon sales,

k � aH, and gives a long wavelength divergene. We an un-

derstand the seond term's meaning by restriting the range

of integration to be from some �xed physial smoothing sale

somewhat larger than the horizon, k

2

=a = �H, to some �xed

omoving long wavelength uto� k

1

whih rossed the sale

k

2

=a at a = a

1

�

H

2�

�

2

Z

k

2

=�aH

k

1

=�a

1

H

dk

k

=

�

H

2�

�

2

ln

a

a

1

(192)

ln(a=a

1

) is the number of e-folds of expansion N sine k

1

= k

2

.

Therefore, the lassial superhorizon ontribution gives

p

h0j�

2

j0i =

H

2�

p

N (193)

orresponding to a random walk with step length H=2� and

number of steps N .
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Introduing a small mass m � H on�nes the random

walk. Then

� '

3

2

�

m

2

3H

2

(194)

and, using Eqs. (190) and (185), the lassial superhorizon

ontribution to h0j�

2

j0i is

h0j�

2

j0i '

1

a

2

Z

d

3

k

(2�)

3

2k

�

aH

k

�

2��1

=

�

H

2�

�

2

Z

dk

k

�

aH

k

�

�

2m

2

3H

2

=

3H

4

8�

2

m

2

2

4

�

k

aH

�

2m

2

3H

2

3

5

(195)

Taking the limits of integration to be from k � aH to k = 0,

i.e. all the lassial superhorizon sales, gives for m

2

� H

2

h0j�

2

j0i '

3H

4

8�

2

m

2

(196)
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3.5 Generating perturbations

The general mehanism for the generation of perturbations

during ination is skethed in the �gure. We will �rst on-
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in amount of

perturbations

horizon

lassial

in lok expansion

perturbations

urvature

perturbations

density perturbations

in lok

utuations

quantum vauum

��

�

�

galaxies, et

sider the simplest ase of slow-roll ination with a single om-

ponent inaton, and then go on to disuss the more general

formulation.

3.5.1 Single omponent inaton

In Setion 3.4 we negleted the perturbations in the metri.

Here, we must inlude them as they are what we will be trying

to alulate.
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To �rst order in perturbation theory, the salar, vetor

and tensor perturbations deouple from eah other. We will

fous on the salar perturbations beause they eventually be-

ome the density perturbations whih grow to form galaxies

and the all the rest of the large sale struture in the uni-

verse. The tensor perturbations, whih orrespond to gravi-

tational waves, are in priniple also interesting but in pratie

probably have an unobservably small amplitude. The vetor

perturbations deay and so are not likely to be interesting.

In the ase of a single omponent inaton, the ation is

S =

Z

�

�

1

2

R +

1

2

g

��

�

�

��

�

�� V (�)

�

p

�g d

4

x (197)

There are many di�erent gauge invariant variables we ould

hoose to represent the salar perturbations. The best hoie

is

' � a

 

Æ��

_

�

H

R

!

(198)

whih is a times the salar �eld perturbation on spatially at

hypersurfaes (�

2

3

1

a

2

r

2

R is the spatial urvature perturba-

tion). One the perturbations leave the horizon, we will want

to reinterpret this variable in terms of

R



= �

�

H

a

_

�

�

' = R�

H

_

�

Æ� = R+H (v +B) (199)

whih is the urvature perturbation on onstant � or omov-

ing (v + B = 0) hypersurfaes. R



is a onvenient quantity

beause it is onstant on superhorizon sales in a universe on-

taining just a single omponent of matter (see Setion 3.5.2

for lari�ation and quali�ation of this statement).
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A somewhat lengthy but straightforward alulation gives

the ation for the salar perturbations

S =

Z

1

2

"

('

0

)

2

� (r')

2

+

H

a

_

�

 

a

_

�

H

!

00

'

2

#

d� d

3

x (200)

where a prime denotes the derivative with respet to onfor-

mal time �. Note that this inludes the metri perturbations

oming from both the gravitational and salar �eld parts of

the ation. The equation of motion is

'

00

�r

2

'�

H

a

_

�

 

a

_

�

H

!

00

' = 0 (201)

This has the general solution

'(�;x) =

Z

d

3

k

(2�)

3=2

h

a

k

'

k

(�) + a

y

�k

'

�

k

(�)

i

e

ik�x

(202)

where '

k

satis�es

'

00

k

+ k

2

'

k

�

H

a

_

�

 

a

_

�

H

!

00

'

k

= 0 (203)

and is normalized suh that

'

k

'

�0

k

� '

0

k

'

�

k

= i (204)

The quantization ondition

['(�;x); '

0

(�;y)℄ = i Æ

3

(x� y) (205)

gives

h

a

k

; a

y

l

i

= Æ

3

(k� l) (206)
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On small sales we have

'

00

k

+ k

2

'

k

= 0 (207)

whih has normalized solution

'

k

=

1

p

2k

e

�ik�

(208)

so

a

k

j0i = 0 (209)

orresponds to the usual at spae vauum on small sales.

On large sales we have

'

00

k

�

H

a

_

�

 

a

_

�

H

!

00

'

k

= 0 (210)

whih has solution

'

k

= A

k

a

_

�

H

+B

k

a

_

�

H

Z

�

H

a

_

�

�

2

d� (211)

where A

k

and B

k

are onstants. The growing mode is

'

k

= A

k

a

_

�

H

(212)

Note that '

k

and '

�

k

have the same time dependene.
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This allows us to rewrite the large-sale Fourier modes as

a

k

'

k

(�) + a

y

�k

'

�

k

(�) = b

k

a

_

�

H

(213)

where

b

k

= A

k

a

k

+A

�

k

a

y

�k

(214)

Now

h

b

k

; b

y

l

i

= 0 (215)

and so the large-sale Fourier modes are lassial Gaussian

random variables with

h0jb

k

b

y

l

j0i = jA

k

j

2

Æ

3

(k� l) (216)

From Eqs. (199) and (213)

R



(k; �) = �b

k

(217)

The R



(k; �) are thus onstant, independent, Gaussian mag-

nitude, random phase, lassial random variables, and are de-

termined entirely by their power spetrum, P

R



(k), whih

is de�ned by

hR



(k; �)R

�



(l; �)i =

2�

2

k

3

P

R



Æ

3

(k� l) (218)

The normalization is hosen so that

hR



(x; �)R



(y; �)i =

Z

dk

k

P

R



sin (k jx� yj)

k jx� yj

(219)

Using Eq. (216), we have

P

R



(k) =

k

3

2�

2

jA

k

j

2

(220)
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To get our �nal answer, we need to determine A

k

by

mathing the long wavelength solution, Eq. (212), to the short

wavelength solution, Eq. (208). In slow-roll ination, H

and

_

� are slowly varying, and so we an math the short

and long wavelength solutions using an approximate solution

whih treats H and

_

� as onstants during horizon rossing.

For H and

_

� onstant, � = �1=(aH) and Eq. (203) beomes

'

00

k

+ k

2

'

k

�

2

�

2

'

k

= 0 (221)

whih has normalized solution

'

k

=

1

p

2k

�

1�

i

k�

�

e

�ik�

!

i

p

2k

aH

k

as

k

aH

! 0

(222)

Mathing this to Eq. (212) gives

A

k

=

i

p

2k

3

H

2

_

�

(223)

Within our approximation, we an hoose to evaluate the right

hand side at any time around horizon rossing. For de�nite-

ness, we evaluate it at horizon rossing

A

k

=

i

p

2k

3

H

2

_

�

�

�

�

�

aH=k

(224)

and so from Eq. (220)

P

R



(k) =

�

H

2�

�

2

�

H

_

�

�

2

�

�

�

�

�

aH=k

(225)
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We an use the slow-roll approximation to rewrite this in

terms of the potential and its derivatives

P

1=2

R



(k) =

H

2�

H

j

_

�j

=

1

2�

p

3

V

3=2

jV

0

j

(226)

where, as before, the right-hand side should be evaluated at

aH = k. A similar alulation for the tensor perturbations

gives the spetrum of gravitational waves produed during

slow-roll ination

P

1=2

T

(k) =

H

2�

=

V

1=2

2�

p

3

(227)

The spetral index is de�ned by

n = 1 +

d lnP

d ln k

(228)

n = 1 orresponds to a sale-invariant spetrum. Using the

slow-roll approximation, Eqs. (226) and (227) give

n

R



= 1� 2

�

�

H

_

�

� 4

 

�

_

H

H

2

!

= 1 + 2

V

00

V

� 3

�

V

0

V

�

2

(229)

and

n

T

= 1� 2

 

�

_

H

H

2

!

= 1�

�

V

0

V

�

2

(230)

Note that

1� n

T

=

P

T

P

R



(231)

for single omponent slow-roll ination.
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3.5.2 General formulation

The general formulation is based on

�R = ÆN (232)

This equation is valid on superhorizon sales, k � aH, if

the anisotropi stress, �, is negligible. �R = R(t

2

) � R(t

1

)

is the hange in R between some �nal hypersurfae, t

2

, and

some initial hypersurfae, t

1

, and ÆN is the perturbation in the

number of e-folds of expansion between the two hypersurfaes.

Taking t

1

to be a at hypersurfae, so R(t

1

) = 0, and t

2

to be a omoving hypersurfae (av �B = 0) gives

R



(t

2

) = ÆN (233)

It is onvenient to hoose the �nal hypersurfae to be omov-

ing beause R



beomes onstant (on superhorizon sales)

one the matter in the universe has e�etively beome just a

single omponent, for example, when everything has deayed

to radiation. We take t

2

to be some time after R



has beome

onstant, i.e. after the matter in the universe has e�etively

beome just a single omponent.

For a multi-omponent inaton, �

a

, we an write Eq. (233)

as

R



(t

2

) = ÆN =

�N

��

a

Æ�

a

R

(t

1

) (234)

whih is a preise mathematial statement of the superhori-

zon proess illustrated in the �gure at the beginning of this

setion.
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The spetrum is given by

2�

2

k

3

P

R



Æ

3

(k� l) = hR



(k; t

2

)R

�



(l; t

2

)i (235)

=




Æ�

a

R

(k; t

1

) Æ�

b�

R

(l; t

1

)

�

�N

��

a

�N

��

b

(236)

=

H

2

2k

3

Æ

3

(k� l)h

ab

�N

��

a

�N

��

b

(237)

where h

ab

is the metri on the salar �eld spae. Therefore

P

R



=

�

H

2�

�

2

h

ab

�N

��

a

�N

��

b

(238)

For a single omponent inaton,

�N

��

= �

H

_

�

(239)

and so we reover Eq. (225), but now with a lear understand-

ing of the meaning of the H=

_

� fator.
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For a multi-omponent inaton,

�N

��

a

_

�

a

= �H (240)

Thus, utuations along the trajetory of the inaton give a

ontribution equal to that in the single omponent ase. This

ontribution depends only on quantities evaluated at horizon

rossing. This is beause utuations along the trajetory do

not hange the trajetory and so only give a loal ontribution

to ÆN .
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

t

2

t

1

However, utuations orthogonal to the trajetory of the

inaton kik the inaton to a new trajetory and so hange

the entire history up until the time when the trajetories o-

alese due to the matter in the universe beoming e�etively

just omposed of a single omponent. Thus, utuations or-

thogonal to the trajetory give a non-loal ontribution to ÆN

ausing the perturbations to beome sensitive to the whole of

the history between t

1

and t

2

.
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Note that beause the orthogonal utuations give an ex-

tra ontribution to P

R



, Eq. (231) is modi�ed to

1� n

T

�

P

T

P

R



(241)
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