
PH471 General Relativity and Cosmology Spring 2017

Homework 12 - Quantum fields in curved spacetime

Q12.1. Show that if

ϕ(η, ~x) =

∫
d3k

(2π)3/2

[
ak ϕk(η) + a†−k ϕ

∗
k(η)

]
eik·~x (Q12.1.1)

with ϕk normalised such that

ϕkϕ
∗
k
′ − ϕ′kϕ

∗
k = i (Q12.1.2)

then the commutation relations

[ϕ(η, ~x) , ϕ(η, ~y)] = 0 (Q12.1.3)

[ϕ(η, ~x) , ϕ′(η, ~y)] = i δ3(~x− ~y) (Q12.1.4)

[ϕ′(η, ~x) , ϕ′(η, ~y)] = 0 (Q12.1.5)

imply [
ak, al

]
= 0 ,

[
ak, a

†
l

]
= i δ3(~x− ~y) ,

[
a†k, a

†
l

]
= 0 (Q12.1.6)

A12.1. The Fourier transform of ϕ(η, ~x) is

ϕ(η, k) ≡
∫

d3~x

(2π)3/2
ϕ(η, ~x) e−ik·~x (A12.1.1)

= ak ϕk(η) + a†−k ϕ
∗
k(η) (A12.1.2)

= ϕ†(η,−k) (A12.1.3)

and the Fourier transforms of Eqs. (Q12.1.3), (Q12.1.4) and (Q12.1.5) are[
ϕ(η, k) , ϕ†(η, l)

]
= 0 (A12.1.4)[

ϕ(η, k) , ϕ†′(η, l)
]

= i δ3(k − l) (A12.1.5)[
ϕ′(η, k) , ϕ†′(η, l)

]
= 0 (A12.1.6)

Inverting Eq. (A12.1.2) gives

ak = −i [ϕ∗k ′(η)ϕ(η, k)− ϕ∗k(η)ϕ
′(η, k)] (A12.1.7)

therefore, using Eqs. (Q12.1.2) and (A12.1.3),[
ak, al

]
= − [ϕ∗k

′(η)ϕ(η, k)− ϕ∗k(η)ϕ
′(η, k) , ϕ∗l

′(η)ϕ(η, l)− ϕ∗l (η)ϕ
′(η, l)]

= 0 (A12.1.8)[
ak, a

†
l

]
=

[
ϕ∗k
′(η)ϕ(η, k)− ϕ∗k(η)ϕ

′(η, k) , ϕ′l(η)ϕ
†(η, l)− ϕl(η)ϕ

†′(η, l)
]

= −ϕ∗k
′(η)ϕl(η)

[
ϕ(η, k) , ϕ†′(η, l)

]
− ϕ∗k(η)ϕ

′
l(η)

[
ϕ′(η, k) , ϕ†(η, l)

]
= δ3(k − l) (A12.1.9)[

a†k, a
†
l

]
= −

[
ϕ′k(η)ϕ

†(η, k)− ϕk(η)ϕ
†′(η, k) , ϕ′l(η)ϕ

†(η, l)− ϕl(η)ϕ
†′(η, l)

]
= 0 (A12.1.10)
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