PH211 Physical Mathematics Fall 2019

Homework 13 - Symmetry

Q13.1. (a) Express L£,v® in a coordinate basis and deduce that it is independent of the
metric.

(b) Use Eq. (2.3.20) to show that
Lowa = uPViwa + wpVauP (Q13.1.1)
and check that this is consistent with Eq. (1.2.6).
A13.1. (a) Using Eqgs. (2.3.20), (2.2.8) and (Q11.1.2), in a coordinate basis,
L2 = uPVpyo?* —PViu? (A13.1.1)
= (%63 + UO‘Fgae:) — P (%63 + uaFgae:) (A13.1.2)

ov® ou”
— B _ B a
= (u 50f Y 8335) es (A13.1.3)

which is independent of the metric.

(b) Using the Leibniz rule and Eq. (2.3.20),

ViLywa = Ly (wav?) —walyv® (A13.1.4)
= uPVy (Wat®) — wa (ubvbva — vbvbua) (A13.1.5)
= 2 (ubeoJa + waaub) (A13.1.6)

hence Eq. (Q13.1.1). Meanwhile, Egs. (1.2.6), (2.1.15) and (2.1.16) give

Lowa = uP (Vbwa — Vawp) + Va (ubwb) (A13.1.7)
= uPVpwa + wpVau® (A13.1.8)
in agreement with Eq. (Q13.1.1).
Q13.2. (a) Derive Eq. (2.3.21).

(b) Show that a coordinate basis vector €2 is a Killing vector if and only if

Vags, =0 (Q13.2.1)

for all 3,~, and explain the difference between V,gs, and V,gne.

(c) Show that a particle with momentum

dzP

a — ab™;, 13.2.2
Pa = Mfab— (Q13.2.2)

and moving freely in a space with Killing vector field £ has conserved quan-
tity £2pa.
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A13.2. (a) Using the Leibniz rule and Eq. (2.3.20),

uavbﬁggab = L (uavbgab) — gabvbﬁgua - gabuaﬁgvb (A13.2.1)

= gcvc (uavbgab) - gabvb (gcvcua - Ucvcfa)
— gabt® (£Ve0” — 1oV £P) (A13.2.2)
= gabVPUVE? + Gapu® vV EP (A13.2.3)
0P (Valp + Vpéa) (A13.2.4)

(b) Using Egs. (2.3.21), (2.2.7) and (2.2.10),
Le.gab = Va(gbetls) + Vb (gacel) (A13.2.5)
= gbeloy + Gaclhy, (A13.2.6)
1

= 56563 (98v.0 + Gpary = Gvass + Gopia t Gras — Ypan) (A13.2.7)
= epelVags (A13.2.8)

Vagpy is the partial derivative of the metric components with respect to
the coordinate z and is coordinate dependent, while V,gp. is the covariant
derivative of the metric tensor and

Vagbe = 0 (A13.2.9)

(c¢) Using Egs. (Q13.2.2) and (A13.2.5),

d d dxP
— (€%p,) = — | 2gap— Al13.2.1
dxP dx° d?xP
= ——V. (£%¢y qgap——— (A13.2.11
m— dtv(fgb)+m59bdt2 ( )
1 dx?dz . d*aP
= im o Wﬁggab + TTL£ gabW <A13212)
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