
PH211 Physical Mathematics Fall 2019

Homework 13 - Symmetry

Q13.1. (a) Express Luva in a coordinate basis and deduce that it is independent of the
metric.

(b) Use Eq. (2.3.20) to show that

Luωa = ub∇bωa + ωb∇au
b (Q13.1.1)

and check that this is consistent with Eq. (1.2.6).

A13.1. (a) Using Eqs. (2.3.20), (2.2.8) and (Q11.1.2), in a coordinate basis,

Luva = ub∇bv
a − vb∇bu

a (A13.1.1)

= uβ
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∂xβ
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a
γ

)
− vβ

(
∂uα

∂xβ
eaα + uαΓγβαe

a
γ

)
(A13.1.2)

=

(
uβ
∂vα

∂xβ
− vβ ∂u

α

∂xβ

)
eaα (A13.1.3)

which is independent of the metric.

(b) Using the Leibniz rule and Eq. (2.3.20),

vaLuωa = Lu (ωav
a)− ωaLuva (A13.1.4)

= ub∇b (ωav
a)− ωa

(
ub∇bv

a − vb∇bu
a
)

(A13.1.5)

= va
(
ub∇bωa + ωb∇au

b
)

(A13.1.6)

hence Eq. (Q13.1.1). Meanwhile, Eqs. (1.2.6), (2.1.15) and (2.1.16) give

Luωa = ub (∇bωa −∇aωb) +∇a

(
ubωb

)
(A13.1.7)

= ub∇bωa + ωb∇au
b (A13.1.8)

in agreement with Eq. (Q13.1.1).

Q13.2. (a) Derive Eq. (2.3.21).

(b) Show that a coordinate basis vector eaα is a Killing vector if and only if

∇αgβγ = 0 (Q13.2.1)

for all β, γ, and explain the difference between ∇αgβγ and ∇agbc.

(c) Show that a particle with momentum

pa = mgab
dxb

dt
(Q13.2.2)

and moving freely in a space with Killing vector field ξa has conserved quan-
tity ξapa.
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A13.2. (a) Using the Leibniz rule and Eq. (2.3.20),

uavbLξgab = Lξ
(
uavbgab

)
− gabvbLξua − gabuaLξvb (A13.2.1)

= ξc∇c

(
uavbgab

)
− gabvb (ξc∇cu

a − uc∇cξ
a)

− gabua
(
ξc∇cv

b − vc∇cξ
b
)

(A13.2.2)

= gabv
buc∇cξ

a + gabu
avc∇cξ

b (A13.2.3)

= uavb (∇aξb +∇bξa) (A13.2.4)

(b) Using Eqs. (2.3.21), (2.2.7) and (2.2.10),

Leαgab = ∇a (gbce
c
α) +∇b (gace

c
α) (A13.2.5)

= gbcΓ
c
aα + gacΓ

c
bα (A13.2.6)

=
1

2
eβbe

γ
a (gβγ,α + gβα,γ − gγα,β + gγβ,α + gγα,β − gβα,γ) (A13.2.7)

= eβbe
γ
a∇αgβγ (A13.2.8)

∇αgβγ is the partial derivative of the metric components with respect to
the coordinate xα and is coordinate dependent, while ∇agbc is the covariant
derivative of the metric tensor and

∇agbc ≡ 0 (A13.2.9)

(c) Using Eqs. (Q13.2.2) and (A13.2.5),

d

dt
(ξapa) = m

d

dt

(
ξagab

dxb

dt

)
(A13.2.10)

= m
dxb

dt

dxc

dt
∇c (ξagab) +mξagab

d2xb

dt2
(A13.2.11)

=
1

2
m
dxa

dt

dxb

dt
Lξgab +mξagab

d2xb

dt2
(A13.2.12)
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