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2 General Relativity

2.1 Homogeneous and isotropi
 expanding

universe

2.1.1 The metri


To measure distan
es in spa
etime we need a metri
 g

��

. The

in�nitesimal spa
etime line element is then

ds

2

= g

��

(x)dx

�

dx

�

(21)

where x

�

, � = 0; 1; 2; 3, are the spa
etime 
oordinates.

For a spatially homogeneous and isotropi
 universe there

is a natural spa
e time splitting given by 
hoosing the time

to be 
onstant on the homogeneous and isotropi
 spatial hy-

persurfa
es.

Note that this will 
ease to be the 
ase when we intro-

du
e perturbations. Note also that the maximally symmetri


spa
etimes, de Sitter spa
e, anti-de Sitter spa
e and Minkowski

spa
e, do not have unique 
hoi
es for the homogeneous and

isotropi
 spatial hypersurfa
es, and so do not have a unique

natural spa
e time splitting. Both these points will be impor-

tant later on.
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Let t be the proper time de�ned by the homogeneous and

isotropi
 spatial hypersurfa
es. Then the metri
 
an be writ-

ten in the form

ds

2

= dt

2

� a(t)

2

h

ij

dx

i

dx

j

(22)

where a(t) is the s
ale fa
tor of the universe (we will assume

a > 0, and _a > 0 
orresponding to an expanding universe);

h

ij

is a 
onstant metri
 on the homogeneous and isotropi
,

but in general 
urved, spatial hypersurfa
es; x

i

, i = 1; 2; 3,

are 
omoving spatial 
oordinates (they are 
alled `
omoving'

be
ause they expand with the universe).

The 
onstant 
omoving intrinsi
 
urvature of the spatial

hypersurfa
es 
an be positive, negative or zero, and 
an be

s
aled to be 1, �1 or 0. The spatial metri
 h

ij


an then be

written in the form

h

ij

dx

i

dx

j

= dr

2

+ f

2

(r)

�

d�

2

+ sin

2

� d�

2

�

(23)

where

f(r) =

8

<

:

sin r if K


om

= 1

sinh r if K


om

= �1

r if K


om

= 0

(24)

The physi
al intrinsi
 
urvature of the spatial hypersurfa
es

K is related to the 
onstant 
omoving intrinsi
 
urvatureK


om

by

K =

K


om

a(t)

2

(25)

If K = 0 one 
an also write the metri
 in the form

ds

2

= dt

2

� a(t)

2

�

dx

2

+ dy

2

+ dz

2

�

(26)
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omoving 
oordinates x


om

galaxies in expanding universe

physi
al 
oordinates x

phys

= a(t) x


om

A physi
al spatial distan
e x

phys

is related to a 
omoving

distan
e x


om

by

x

phys

= a(t) x


om

(27)

For 
onstant 
omoving distan
es

_x

phys

= _ax


om

=

_a

a

x

phys

(28)

= Hx

phys

Hubble's Law (29)

where

H �

_a

a

(30)

is the Hubble parameter.
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The 
urrent value of the Hubble parameter is often

parametrized as

H

0

� 100h km s

�1

Mp


�1

= 2:133h� 10

�42

GeV (31)

Observations give h ' 0:65 with an error of about 10%.

For

x

phys

>

1

H

= Hubble distan
e (32)

we have

_x

phys

> 1 (33)

so that things more than a Hubble distan
e away are out of

physi
al 
onta
t and are said to be `beyond the horizon'. Also

d

dt

�

x

phys

1=H

�

=

d

dt

(aHx


om

) = �ax


om

(34)

for _x


om

= 0. Therefore, if �a < 0 
omoving s
ales move inside

the horizon, and if �a > 0 they move outside the horizon.
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2.1.2 The Einstein equation

The dynami
s of the universe is governed by the Einstein

equation

G

��

= T

��

(35)

For a spatially homogeneous and isotropi
 universe

T

�

�

= diag (�;�p;�p;�p) (36)

where � is the energy density and p is the pressure (we will

assume that � > 0). The Einstein equation then gives

3H

2

+ 3K = � (37)

and

�a

a

= �

1

6

(�+ 3p) (38)

or

_

H = �

1

2

(�+ p) +K (39)

The 
riti
al density �




is de�ned as the energy density of

a 
at universe

�




� 3H

2

(40)

The 
urrent value of �




is

�




=

�

3:000h

1=2

� 10

�3

eV

�

4

= 2:301h

2

� 10

�120

' 4GeVm

�3

(41)

It is 
onventional to measure densities relative to the 
riti
al

density




X

�

�

X

�




(42)
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2.1.3 Matter, �elds, . . .

Di�erentiating Eq. (37) and using Eq. (39) gives

d ln �

d ln a

= �3

�

1 +

p

�

�

(43)

whi
h is just a rewriting of dE = �p dV and 
an be derived

from T

��

;�

= 0. If

w �

p

�

= 
onstant (44)

then Eq. (43) gives

� / a

�3(1+w)

(45)

If the universe is dominated by su
h material, then the Ein-

stein equation gives

H =

2

3(1 + w)t

(46)

and

a / t

2

3(1+w)

(47)

Now w =

1

3

; 0;�1 for radiation, matter, va
uum energy,

respe
tively, so

�

rad

/ a

�4

; �

mat

/ a

�3

; K / a

�2

; �

va


= 
onstant (48)

and for a radiation, matter, (negative) 
urvature, va
uum en-

ergy, respe
tively, dominated universe

H

rad

=

1

2t

; H

mat

=

2

3t

; H

K

=

1

t

; H

va


= 
onstant (49)

and

a

rad

/ t

1=2

; a

mat

/ t

2=3

; a

K

/ t ; a

va


/ e

Ht

(50)
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The energy-momentum tensor for va
uum energy is

T

��

= �g

��

(51)

and so 
ould be put on the left hand side of the Einstein

equation as a `
osmologi
al 
onstant'. We will keep it on the

right hand side though.

The a
tion for a real s
alar �eld �(x

�

) is

S =

Z

d

4

x

p

�g

�

1

2

g

��

�

�

� �

�

�� V (�)

�

(52)

where g is the determinant of the metri
 and g

��

is the inverse

metri
 g

��

g

��

= Æ

�

�

. The energy-momentum tensor is

T

��

=

2

p

�g

ÆS

Æg

��

= �

�

� �

�

�� g

��

�

1

2

g

��

�

�

� �

�

�� V (�)

�

(53)

Therefore, in a homogeneous and isotropi
 universe

�

�

= T

0

0

=

1

2

_

�

2

+

1

2

1

a

2




h

ij

�

i

� �

j

�

�

+ V (54)

p

�

= �

1

3

T

i

i

=

1

2

_

�

2

�

1

6

1

a

2




h

ij

�

i

� �

j

�

�

� V (55)

Note that any va
uum energy 
an be absorbed into the s
alar

�eld's potential energy V (�).
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The a
tion for a massless ve
tor �eld A

�

(x

�

) is

S =

Z

d

4

x

p

�g

�

�

1

4

g

��

g

��

F

��

F

��

�

(56)

where F

��

� �

�

A

�

� �

�

A

�

. Its energy-momentum tensor is

T

��

= �g

��

F

��

F

��

+

1

4

g

��

g

��

g

��

F

��

F

��

(57)

Therefore, in a homogeneous and isotropi
 universe

�




=

1

2

1

a

2




h

ij

F

0i

F

0j

�

+

1

4

1

a

4




h

ij

h

kl

F

ik

F

jl

�

(58)

p




=

1

3

�




(59)

The energy-momentum tensor for a perfe
t 
uid is

T

��

= �u

�

u

�

� p (g

��

� u

�

u

�

) (60)

where u

�

= g

��

u

�

is the 
uid's four velo
ity, u

�

u

�

= 1.
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2.2 Perturbations

In this se
tion we will develop the general formalism for deal-

ing with an approximately spatially homogeneous and isotropi


universe. Spe
i�
 appli
ations, su
h as the generation of 
las-

si
al perturbations from quantum 
u
tuations during in
a-

tion, how these perturbations indu
e anisotropies in the 
os-

mi
 mi
rowave ba
kground radiation, and the growth of den-

sity perturbations to form galaxies and the large s
ale stru
-

ture of the universe, will be given in later 
hapters. This will

be one of the more te
hni
al se
tions.

The universe, at least on large s
ales or at early times, is

approximately spatially homogeneous and isotropi
. There-

fore, we 
an do perturbation theory using a spatially homo-

geneous and isotropi
 universe as the ba
kground.

The ba
kground universe has a natural 
hoi
e of time 
oor-

dinate given by taking the time to be 
onstant on the homoge-

neous and isotropi
 spatial hypersurfa
es. However, in a uni-

verse perturbed away from spatial homogeneity and isotropy,

there are no homogeneous and isotropi
 spatial hypersurfa
es.

Instead, passing through any given spa
etime point, there is

an in�nite set of spatial hypersurfa
es on whi
h the deviations

from homogeneity and isotropy are small, in the sense of the

perturbation theory.

1

This freedom to 
hoose the time sli
-

ing in the perturbed universe leads to gauge freedom in the

perturbations whi
h must be 
arefully dealt with. For exam-

ple, merely stating that the density perturbation is su
h and

su
h is meaningless be
ause one is always free to 
hoose spa-

1

Note that there is an even larger set of hypersurfa
es on whi
h these

deviations are not small due to the perverse 
hoi
e of the hypersurfa
e.

13
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tial hypersurfa
es on whi
h the density perturbation is zero

(of 
ourse, perturbations in other quantities are non-zero).

Instead one must state that the density perturbation on su
h

and su
h spatial hypersurfa
es is su
h and su
h. We will see

this more pre
isely below.

2.2.1 Gauge transformations
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The perturbation in a s
alar quantity

~

� at a point p in the

perturbed universe

~

U is given by

Æ� (p) =

~

� (p)� � (x

�

) (61)

where � (x

�

) is the value at the 
oordinate point x

�

in the

spatially homogeneous and isotropi
 ba
kground universe U .

For this to make sense we need to 
hoose whi
h 
oordinate

point x

�

in the ba
kground universe U to asso
iate with the

point p in

~

U . Di�erent 
hoi
es will give di�erent � (x

�

) and

hen
e di�erent Æ� (p). Given su
h a mapping x

�

(p) :

~

U ! U

we 
an unambiguously set

Æ� (p) =

~

� (p)� � (x

�

(p)) (62)

However, there is no natural 
hoi
e for this mapping.

The mapping x

�

(p) :

~

U ! U indu
es a 
oordinate system

x

�

(p) for

~

U . A 
hange in the mapping leads to a 
hange

in 
oordinates in

~

U , and is 
alled a gauge transformation to

distinguish it from a genuine 
hange in 
oordinates. Suppose

the gauge transformation is given by

x̂

�

(p) = x

�

(p) + �

�

(x

�

(p)) (63)

Then

^

Æ� (p) =

~

� (p)� � (x̂

�

(p)) (64)

= Æ� (p)� [� (x̂

�

(p))� � (x

�

(p))℄ (65)

It is suÆ
ient to 
onsider in�nitesimal gauge transformations,

and so

^

Æ� (p) = Æ� (p)� �

�

��

�x

�

(x

�

(p)) (66)
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The ba
kground universe U is spatially homogeneous and

isotropi
 so this be
omes

^

Æ� (p) = Æ� (p)�

_

� (t(p)) �

0

(x

�

(p)) (67)

where we have taken x

0

= t. Another s
alar quantity

~

 will

transform similarly

^

Æ (p) = Æ (p)�

_

 (t(p)) �

0

(x

�

(p)) (68)

There are two strategies one 
ould take to deal with this

gauge ambiguity. One 
ould �x the gauge by 
hoosing the

perturbation in some physi
al quantity of interest to vanish.

For example, one 
ould 
hoose the perturbation in

~

� to vanish.

Temporarily treating �

0

as a �nite gauge transformation, and

working to �rst order in perturbation theory, Eq. (67) �xes

�

0

=

Æ�

_

�

(69)

but it is 
lear that �

0

is �xed to all orders in perturbation

theory. This gauge �xing of �

0

�xes the 
onstant time hyper-

surfa
es in

~

U to be 
onstant

~

� hypersurfa
es with the time

parameterization t(p) �xed by � (t(p)) =

~

� (p).

Alternatively, one 
ould just use gauge invariant quanti-

ties. For example

	 = Æ �

_

 

_

�

Æ� (70)

is gauge invariant. The physi
al interpretation of the gauge

invariant quantity is 
lear: it is the perturbation in

~

 on


onstant

~

� hypersurfa
es, but it 
an be evaluated on arbitrary

hypersurfa
es. Similarly �

�

_

�=

_

 

�

	 is the perturbation in

~

�

on 
onstant

~

 hypersurfa
es.
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Perturbations in tensor quantities 
an be handled in a

similar way, ex
ept more 
are must be taken to evaluate the

tensors at the same point in the same spa
e. The mapping

x

�

(p) :

~

U ! U indu
es a mapping x

�

�

of tensors at the point

p in

~

U to tensors at the 
oordinate point x

�

in U .

The perturbation in a tensor quantity

~

T at a point p in

the perturbed universe

~

U is given by

ÆT (p) =

~

T (p)� (x

�

�

)

�1

T (x

�

(p)) (71)

The gauge transformation

x̂

�

(p) = x

�

(p) + �

�

(x

�

(p)) (72)

gives

^

ÆT (p) =

~

T (p)� (x̂

�

�

)

�1

T (x̂

�

(p)) (73)

and so

^

ÆT (p)� ÆT (p)

= �

�

(x̂

�

�

)

�1

T (x̂

�

(p))� (x

�

�

)

�1

T (x

�

(p))

�

(74)

= � (x

�

�

)

�1

�

x

�

�

Æ (x̂

�

�

)

�1

T (x̂

�

(p))� T (x

�

(p))

�

(75)

It is suÆ
ient to 
onsider in�nitesimal gauge transformations,

in whi
h 
ase

^

ÆT (p)� ÆT (p) = � (x

�

�

)

�1

L

�

T (x

�

(p)) (76)

where L is the Lie derivative. In terms of 
omponents, the

Lie derivative of a tensor T

�

�

with respe
t to a ve
tor �

�

is

(L

�

T )

�

�

=

�T

�

�

�x

�

�

�

� T

�

�

��

�

�x

�

+ T

�

�

��

�

�x

�

(77)

and similarly for other tensors. The latter terms arise due

to the rotation of T (x̂

�

) as it is transported ba
k to x

�

by

x

�

�

Æ (x̂

�

�

)

�1

along the �eld lines of the ve
tor �eld �

�

(x

�

).
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2.2.2 Perturbation variables

We take a 
at homogeneous and isotropi
 universe as our

ba
kground

ds

2

= dt

2

� a(t)

2

Æ

ij

dx

i

dx

j

(78)

T

��

= �(t)u

�

u

�

� p(t) (g

��

� u

�

u

�

) (79)

with u

�

= (1; 0; 0; 0). The perturbed universe is parameter-

ized as

~

ds

2

= (1 + 2A) dt

2

� 2aB

i

dt dx

i

�a

2

(Æ

ij

+ 2C

ij

) dx

i

dx

j

(80)

~

T

��

= ~�~u

�

~u

�

� ~p (~g

��

� ~u

�

~u

�

) + ~�

��

(81)

where ~� and ~p are the energy density and pressure of the

matter 
uid in its rest frame, ~u

�

is its four-velo
ity and ~�

��

is the anisotropi
 stress

~

T

�

�

~u

�

= ~�~u

�

(82)

~u

�

~u

�

= 1 (83)

~�

��

~u

�

= 0 = ~�

�

�

(84)

The matter perturbation variables are then

Æ� � ~�� � (85)

Æp � ~p� p (86)

v

i

� a~u

i

(87)

�

ij

�

1

a

2

~�

ij

(88)

In the 
ase of a s
alar �eld we have

� = �(t) (89)

and

Æ� �

~

�� � (90)
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From Eq. (76), perturbations in the metri
 transform as

^

Æg

��

� Æg

��

= �g

��;�

�

�

� g

��

�

�

;�

� g

��

�

�

;�

(91)

Therefore

^

A� A = �

_

�

0

(92)

^

B

i

�B

i

=

1

a

�

0

;i

� a

_

�

i

(93)

^

C

ij

� C

ij

= �HÆ

ij

�

0

�

1

2

�

�

i

;j

+ �

j

;i

�

(94)

Similarly

^

Æ�� Æ� = � _��

0

(95)

^

Æp� Æp = � _p�

0

(96)

v̂

i

� v

i

= a

_

�

i

(97)

�̂

ij

� �

ij

= 0 (98)

and

^

Æ�� Æ� = �

_

��

0

(99)

Note that �

ij

is gauge invariant. This is be
ause ~�

��

is zero

in the ba
kground.
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2.2.3 S
alar, ve
tor and tensor modes

We 
an de
ompose the perturbation variables into s
alar, ve
-

tor and tensor variables as

A = A (100)

B

i

=

1

a

�

i

B +B

(v)

i

; �

i

B

(v)

i

= 0 (101)

C

ij

= RÆ

ij

+

1

a

2

�

i

�

j

C +

1

2a

(�

i

C

j

+ �

j

C

i

) + C

(t)

ij

(102)

�

i

C

i

= 0 ; �

i

C

(t)

ij

= 0 ; C

(t)

ii

= 0 (103)

Æ� = Æ� (104)

Æp = Æp (105)

v

i

=

1

a

�

i

v + v

i

(v)

; �

i

v

i

(v)

= 0 (106)

�

ij

= $Æ

ij

+

1

a

2

�

i

�

j

� +

1

2a

(�

i

�

j

+ �

j

�

i

) + �

(t)

ij

(107)

�

i

�

i

= 0 ; �

i

�

(t)

ij

= 0 ; �

(t)

ii

= 0 (108)

where $ 
an be eliminated using Eq. (84), and

Æ� = Æ� (109)

To �rst order in perturbation theory, the equations of motion

for the s
alar, ve
tor and tensor perturbations de
ouple.
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De
omposing �

�

as

�

0

= T (110)

�

i

=

1

a

�

i

L+ L

i

; �

i

L

i

= 0 (111)

Eqs. (92) to (99) give

^

A� A = �

_

T (112)

^

B � B = T � a

_

L+ _aL (113)

^

R�R = �HT (114)

^

C � C = �aL (115)

^

Æ�� Æ� = � _�T (116)

^

Æp� Æp = � _pT (117)

v̂ � v = a

_

L� _aL (118)

�̂ � � = 0 (119)

^

Æ�� Æ� = �

_

�T (120)

^

B

(v)

i

�B

(v)

i

= �a

_

L

i

(121)

^

C

i

� C

i

= �aL

i

(122)

v̂

i

(v)

� v

i

(v)

= a

_

L

i

(123)

�̂

i

� �

i

= 0 (124)

^

C

(t)

ij

� C

(t)

ij

= 0 (125)

�̂

(t)

ij

� �

(t)

ij

= 0 (126)
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2.2.4 Equations of motion

The Einstein equation gives

3H

�

_

R�HA

�

+

�

k

a

�

2

h

R�H

�

_

C � 2HC �B

�i

=

1

2

Æ�

(127)

_

R�HA = �

_

H (v +B) (128)

�

_

C � 2HC �B

�

�

+H

�

_

C � 2HC �B

�

�R�A = � (129)

�

_

R�HA

�

�

+ 3H

�

_

R�HA

�

�

_

HA = �

1

2

Æp+

1

3

�

k

a

�

2

�

(130)

�

k

a

�

2

�

_

C

i

�HC

i

� B

(v)

i

�

= �4

_

H

�

v

i

(v)

+B

(v)

i

�

(131)

�

_

C

i

�HC

i

� B

(v)

i

�

�

+ 2H

�

_

C

i

�HC

i

�B

(v)

i

�

= �

i

(132)

�

C

(t)

ij

+ 3H

_

C

(t)

ij

+

�

k

a

�

2

C

(t)

ij

= �

(t)

ij

(133)
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