
PH754 - Cosmology KAIST

2 General Relativity

2.1 Homogeneous and isotropi
 expanding

universe

2.1.1 The metri


To measure distan
es in spa
etime we need a metri
 g

��

. The

in�nitesimal spa
etime line element is then

ds

2

= g

��

(x)dx

�

dx

�

(21)

where x

�

, � = 0; 1; 2; 3, are the spa
etime 
oordinates.

For a spatially homogeneous and isotropi
 universe there

is a natural spa
e time splitting given by 
hoosing the time

to be 
onstant on the homogeneous and isotropi
 spatial hy-

persurfa
es.

Note that this will 
ease to be the 
ase when we intro-

du
e perturbations. Note also that the maximally symmetri


spa
etimes, de Sitter spa
e, anti-de Sitter spa
e and Minkowski

spa
e, do not have unique 
hoi
es for the homogeneous and

isotropi
 spatial hypersurfa
es, and so do not have a unique

natural spa
e time splitting. Both these points will be impor-

tant later on.
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Let t be the proper time de�ned by the homogeneous and

isotropi
 spatial hypersurfa
es. Then the metri
 
an be writ-

ten in the form

ds

2

= dt

2

� a(t)

2

h

ij

dx

i

dx

j

(22)

where a(t) is the s
ale fa
tor of the universe (we will assume

a > 0, and _a > 0 
orresponding to an expanding universe);

h

ij

is a 
onstant metri
 on the homogeneous and isotropi
,

but in general 
urved, spatial hypersurfa
es; x

i

, i = 1; 2; 3,

are 
omoving spatial 
oordinates (they are 
alled `
omoving'

be
ause they expand with the universe).

The 
onstant 
omoving intrinsi
 
urvature of the spatial

hypersurfa
es 
an be positive, negative or zero, and 
an be

s
aled to be 1, �1 or 0. The spatial metri
 h

ij


an then be

written in the form

h

ij

dx

i

dx

j

= dr

2

+ f

2

(r)

�

d�

2

+ sin

2

� d�

2

�

(23)

where

f(r) =

8

<

:

sin r if K


om

= 1

sinh r if K


om

= �1

r if K


om

= 0

(24)

The physi
al intrinsi
 
urvature of the spatial hypersurfa
es

K is related to the 
onstant 
omoving intrinsi
 
urvatureK


om

by

K =

K


om

a(t)

2

(25)

If K = 0 one 
an also write the metri
 in the form

ds

2

= dt

2

� a(t)

2

�

dx

2

+ dy

2

+ dz

2

�

(26)
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omoving 
oordinates x


om

galaxies in expanding universe

physi
al 
oordinates x

phys

= a(t) x


om

A physi
al spatial distan
e x

phys

is related to a 
omoving

distan
e x


om

by

x

phys

= a(t) x


om

(27)

For 
onstant 
omoving distan
es

_x

phys

= _ax


om

=

_a

a

x

phys

(28)

= Hx

phys

Hubble's Law (29)

where

H �

_a

a

(30)

is the Hubble parameter.
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The 
urrent value of the Hubble parameter is often

parametrized as

H

0

� 100h km s

�1

Mp


�1

= 2:133h� 10

�42

GeV (31)

Observations give h ' 0:65 with an error of about 10%.

For

x

phys

>

1

H

= Hubble distan
e (32)

we have

_x

phys

> 1 (33)

so that things more than a Hubble distan
e away are out of

physi
al 
onta
t and are said to be `beyond the horizon'. Also

d

dt

�

x

phys

1=H

�

=

d

dt

(aHx


om

) = �ax


om

(34)

for _x


om

= 0. Therefore, if �a < 0 
omoving s
ales move inside

the horizon, and if �a > 0 they move outside the horizon.
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2.1.2 The Einstein equation

The dynami
s of the universe is governed by the Einstein

equation

G

��

= T

��

(35)

For a spatially homogeneous and isotropi
 universe

T

�

�

= diag (�;�p;�p;�p) (36)

where � is the energy density and p is the pressure (we will

assume that � > 0). The Einstein equation then gives

3H

2

+ 3K = � (37)

and

�a

a

= �

1

6

(�+ 3p) (38)

or

_

H = �

1

2

(�+ p) +K (39)

The 
riti
al density �




is de�ned as the energy density of

a 
at universe

�




� 3H

2

(40)

The 
urrent value of �




is

�




=

�

3:000h

1=2

� 10

�3

eV

�

4

= 2:301h

2

� 10

�120

' 4GeVm

�3

(41)

It is 
onventional to measure densities relative to the 
riti
al

density




X

�

�

X

�




(42)
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2.1.3 Matter, �elds, . . .

Di�erentiating Eq. (37) and using Eq. (39) gives

d ln �

d ln a

= �3

�

1 +

p

�

�

(43)

whi
h is just a rewriting of dE = �p dV and 
an be derived

from T

��

;�

= 0. If

w �

p

�

= 
onstant (44)

then Eq. (43) gives

� / a

�3(1+w)

(45)

If the universe is dominated by su
h material, then the Ein-

stein equation gives

H =

2

3(1 + w)t

(46)

and

a / t

2

3(1+w)

(47)

Now w =

1

3

; 0;�1 for radiation, matter, va
uum energy,

respe
tively, so

�

rad

/ a

�4

; �

mat

/ a

�3

; K / a

�2

; �

va


= 
onstant (48)

and for a radiation, matter, (negative) 
urvature, va
uum en-

ergy, respe
tively, dominated universe

H

rad

=

1

2t

; H

mat

=

2

3t

; H

K

=

1

t

; H

va


= 
onstant (49)

and

a

rad

/ t

1=2

; a

mat

/ t

2=3

; a

K

/ t ; a

va


/ e

Ht

(50)
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The energy-momentum tensor for va
uum energy is

T

��

= �g

��

(51)

and so 
ould be put on the left hand side of the Einstein

equation as a `
osmologi
al 
onstant'. We will keep it on the

right hand side though.

The a
tion for a real s
alar �eld �(x

�

) is

S =

Z

d

4

x

p

�g

�

1

2

g

��

�

�

� �

�

�� V (�)

�

(52)

where g is the determinant of the metri
 and g

��

is the inverse

metri
 g

��

g

��

= Æ

�

�

. The energy-momentum tensor is

T

��

=

2

p

�g

ÆS

Æg

��

= �

�

� �

�

�� g

��

�

1

2

g

��

�

�

� �

�

�� V (�)

�

(53)

Therefore, in a homogeneous and isotropi
 universe

�

�

= T

0

0

=

1

2

_

�

2

+

1

2

1

a

2




h

ij

�

i

� �

j

�

�

+ V (54)

p

�

= �

1

3

T

i

i

=

1

2

_

�

2

�

1

6

1

a

2




h

ij

�

i

� �

j

�

�

� V (55)

Note that any va
uum energy 
an be absorbed into the s
alar

�eld's potential energy V (�).
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The a
tion for a massless ve
tor �eld A

�

(x

�

) is

S =

Z

d

4

x

p

�g

�

�

1

4

g

��

g

��

F

��

F

��

�

(56)

where F

��

� �

�

A

�

� �

�

A

�

. Its energy-momentum tensor is

T

��

= �g

��

F

��

F

��

+

1

4

g

��

g

��

g

��

F

��

F

��

(57)

Therefore, in a homogeneous and isotropi
 universe

�




=

1

2

1

a

2




h

ij

F

0i

F

0j

�

+

1

4

1

a

4




h

ij

h

kl

F

ik

F

jl

�

(58)

p




=

1

3

�




(59)

The energy-momentum tensor for a perfe
t 
uid is

T

��

= �u

�

u

�

� p (g

��

� u

�

u

�

) (60)

where u

�

= g

��

u

�

is the 
uid's four velo
ity, u

�

u

�

= 1.
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