PH141 Physics 1 Fall 2014

Homework 4 - Conserved quantities

Q4.1. A uniform rigid rod of mass 2m is in a static, homogeneous and isotropic environ-
ment, and is initially at rest. A particle of mass m hits one of its ends elastically
and at right angles to the rod.
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Figure Q4.1.1: Initial state of particle and rod.
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Describe the subsequent motion.

A4.1. Due to their static, homogeneous and isotropic environment, the total energy,
momentum and angular momentum of the particle and rod will be conserved.
When the particle hits the rod it will transfer some energy, momentum and angular
momentum to the rod, causing the rod to move forward and rotate. It will be
convenient to divide the conserved quantities into the parts due to the motion of:
the particle, the center of mass of the rod, and the rod about its center of mass.

Let the initial speed of the particle be u; and the state of the particle and rod
after the collision be as shown in Figure A4.1.1. Conservation of energy gives

1 1 1
ému% = émug + mus + §]w§ (A4.1.1)

where the moment of inertia of the rod about its center of mass is
I= 2/ L ml2 (A4.1.2)

Conservation of momentum gives

muy; = musg + 2muy (A4.1.3)
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Figure A4.1.1: After the collision.
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Conservation of angular momentum about the initial position of the center of mass
of the rod gives

—mlu; = —mluy — Twy (A4.1.4)
Simplifying gives
2
uj = uj+ 205 + gl%u% (A4.1.5)
Uy = Uy + 2?)2 (A416)
2
Uy = Ug+ gle (A4.1.7)
Therefore
l(JJQ = 31)2 (A418)
and
ui = uj+ 8v; (A4.1.9)
U, = U9+ 21)2 (A4110)
Therefore )
Uo = Vg = gul (A4111)
and
lu}g = U1 (A4112>

Note that, since us = vy, after a half rotation, i.e. after a time

o _m (A4.1.13)

%) Uy

and hence distance of travel

D= %l (A4.1.14)

the rod will collide with the particle again, transfering back energy, momentum
and angular momentum, returning the system to the state shown in Figure A4.1.2.
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Figure A4.1.2: Final state of particle and rod.
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