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2.3 Materials

2.3.1 Newtonian particle and field

A Newtonian particle is something that exists at a single point in space, and so
its motion can be described by its position as a function of time, ¢(t). A particle has
energy, momentum and angular momentum. The energy of a particle is called its kinetic
energy, K, because it is due to the motion of the particle.

A Newtonian field is something that has a value at every point in space, and so
its motion can be described by its value as a function of space and time, ¢(q,t). In
relativity, fields are dynamical and have energy, momentum and angular momentum.
However, in the Newtonian limit, ¢ — oo, fields become non-dynamical, with their
state being determined by the particles they interact with. In this limit, they cannot
store momentum or angular momentum, instead transferring it instantaneously between
particles, but can store energy. ' The energy stored in the fields becomes a function of
the particle positions, V (g, ..., q,), and is called the potential energy.

Newtonian
Charge particle field
energy K V
momentum P neglected
angular momentum L neglected

Table 2.3.1: Energy, momentum and angular momentum of a Newtonian particle and
field.

The Lagrangian for a Newtonian particle and field is

1 -
L = 5mgand i — V(g1 (2.3.1)

where g, is the spatial metric. Using Eq. (2.2.19), the momentum of the system, and
hence the particle since the Newtonian field stores no momentum, is

Pa = mgabqb (232)

For example, in tensor form
Pa = mgabqb (233)

while in Cartesian coordinates g,, = 1 so

Pz = MI (2.3.4)

!Note that a spring whose mass is neglected acts in the same way as a field.
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and in polar coordinates g,, = 1, grg = gor = 0 and ggg = 72 s0

pr = mr

Py = mr26

Fall 2014

Using Eq. (2.2.20), the force exerted on the system, and hence the particle, is

ov 1 agbc b e

F,=— -
0q° + 2" 0q°

For example, in tensor form the metric is regarded as constant giving

OV
0q?
while in Cartesian coordinates
P _OV
T Ox
and in polar coordinates
1% .
or
oV
Fy = ——
b 00

where mr6? is the centrifugal force.
Using Eq. (2.2.24), the energy of the system is

1 -
E = 5" abq ¢+ V(g 1)

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)

(2.3.12)

where the first term is the energy of the particle and the second is the energy of the
field. Using Eq. (2.2.25), the chain rule and Eq. (2.3.7), the power applied to the system

1S

ov
p = 2=
ot
B ﬂ_av.a
o dt aq“q
dv . 1 8gbc. b -
- F % — Zm=2%40 c
dt+ aq Qm(‘?qaqqq

(2.3.13)

(2.3.14)

(2.3.15)

where the first term is the power applied to the field and the other terms are the power

applied to the particle. For example, in tensor form

av

P=—+FqG*
ar Pl
while in Cartesian coordinates iV
P=—+F,i
a et
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(2.3.16)

(2.3.17)

2014/12/6



PH141 Physics 1 Fall 2014

and in polar coordinates

dV ) . A
P=""+ (F p— ) i+ Eyl (2.3.18)

Lagrange’s equation, Eq. (2.2.18), gives
d

o (mgabqb) =F, (2.3.19)
For example, in tensor form
ManG” = Fa (2.3.20)
while in Cartesian coordinates
mi = F, (2.3.21)
and in polar coordinates
mi = F, (2.3.22)
d .
= <mr29> — F (2.3.23)
The Hamiltonian, Eq. (2.2.28), is
1
H = %gabpapb —+ ‘/(q7 t) (2324)

Using Eq. (2.2.31), the force exerted on the system, and hence the particle, is

ov 1 dgb
F,=— — — —=——DbPe 2.3.25
dq*  2m 0q° PP ( )

Hamilton’s equations, Egs. (2.2.29) and (2.2.30), give

dq” Lo

= —qg° 2.3.2
di mg Do ( 3 6)
dpa

= I, 2.3.2
g (2.3.27)

2.3.2 Newtonian particles

Consider a system of Newtonian particles with masses m;, positions x;(t) and forces
acting on the particles Fj(t). If we decompose the particle positions into

T; = ToMm + 0x; (2.3.28)

where lhe center Of mass 1
= — E i Lg 2.3.29
TCM m i m;xr ( )

and the dx; are the internal displacements, then we can decompose other physical quan-
tities similiarly:
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mass

m = Zmi = mem (2.3.30)
momentum
b= sz‘ = Zmzil?z = MmTcm = Pom (2.3.31)
force
F=Y"F=> mi;=micu = Fou (2.3.32)

kinetic energy
1 1 1
K=) K=) jﬁmij;? = 5ma‘:éM +) jém,- §if = Kom + Ky (2.3.33)

power
P=Y"P=) Fi;=Ficu+ Y F o= Pou+ P (2.3.34)

angular momentum

torque

T=Y =Y i ANF=xcu NF+> 01 ANFy = Tom + Tin (2.3.36)

2.3.3 Newtonian rigid body

For a Newtonian rigid body rotating about the origin, the radial distance of each
particle in the body is constant and the angular velocity about the origin is the same
for all particles

Fo= 0 (2.3.37)
0, = 0 (2.3.38)
Therefore ‘ ‘
L=Y muif; =10 (2.3.39)
and ] 1
_ 202 _ )2
K= Z Smari 07 = 10 (2.3.40)

where the moment of inertia of the body

I=> mn} (2.3.41)
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is constant. Taking derivatives we get
=10 (2.3.42)
and ‘
P=r0

(2.3.43)
For example, the moment of inertia of a uniform rod of mass M and length 2R
rotating about its center is

R
M 1
I= — 2. 2dr = —~MR? 2.3.44
%K: orR T3 (23.44)
1ts center is

of a unifirm disc of mass M and radius R rotating in the plane of the disc and about

R
M, 1 2
I:/O mr -27rr-d7“:§MR

(2.3.45)
and of a uniform ball of mass M and radius R rotating about its center is

B 2
I= / ;7" 212V R? —r? - dr = M R? (2.3.46)
0 g’/TR
2.3.4 Relativistic particle

A relativistic particle is something that exists as a worldline in spacetime. The
action for a relativistic particle is proportional to its length

S = —mc2/d7'

(2.3.47)
—ch/\/gabdx“dxb

(2.3.48)
— 2 2 1 aJqb
= —mc dt? — > hapdq®dg

(2.3.49)
1., dgodgb
2
pr— — 1 —_— — J—
e /\/ 2l

(2.3.50)
where g, is the spacetime metric and hy, is the spatial metric. Eq. (2.2.19) gives
0 1
2
. = — 1 — = hyedbie 2.3.51
P e e 5 hoed®q ( )
hapd®
- Tabd (2.3.52)
1- C%hcdchd
d b
Y (2.3.53)
dr
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and Eq. (2.2.24) gives 2

2 2
mu )
E = +mc?y /1 — —
_ v c
02
mc?
= =
C2
1 mut
= m+-mv?*+0 —
2 c

where v? = hqy¢%¢°. Combining Egs. (2.3.52) and (2.3.55) gives
E? — p’ = m2ct
Thus the energy of a massless particle is

E =pc
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(2.3.54)

(2.3.55)

(2.3.56)

(2.3.57)

(2.3.58)

2The m in the famous equation E = mc? is defined by the Newtonian formula for the momentum,

Eq. (2.3.2), and not as the constant in Eq. (2.3.47), and so depends on the speed.
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