
PH142 Physics II Spring 2014

Homework 2 - Quantities and values

Q2.1. Let
〈x|x〉 = 〈y|y〉 = 1 (Q2.1.1)

〈x|y〉 = 0 (Q2.1.2)

and
Lxy = i |y〉 〈x| − i |x〉 〈y| (Q2.1.3)

Determine the eigenvalues and eigenspaces of Lxy and show that they are orthog-
onal and complete.

A2.1.

Lxy (α |x〉+ β |y〉) = (i |y〉 〈x| − i |x〉 〈y|) (α |x〉+ β |y〉) = −iβ |x〉+ iα |y〉
(A2.1.1)

therefore for an eigenvector with eigenvalue λ we require

−iβ
α

=
iα

β
= λ (A2.1.2)

which gives β = ±iα and λ = ±1, respectively. Thus the eigenvalues of Lxy are 1
and −1 with eigenspaces containing vectors proportional to

|1〉 =
1√
2
(|x〉+ i |y〉) (A2.1.3)

|−1〉 =
1√
2
(|x〉 − i |y〉) (A2.1.4)

respectively. Noting that

〈−1|1〉 = 1

2
(|x〉 − i |y〉)† (|x〉+ i |y〉) = 1

2
(〈x|+ i 〈y|) (|x〉+ i |y〉) = 0 (A2.1.5)

and that |1〉 and |−1〉 are two independent kets in a two dimensional Hilbert space,
we see that the eigenspaces are orthogonal and complete.

Q2.2. Express |x〉 and |y〉 in terms of the eigenvectors of Lxy. Calculate 〈x|Lxy |x〉 and
〈x|L2

xy |x〉.

A2.2.

|x〉 = 1

2
(|x〉+ i |y〉) + 1

2
(|x〉 − i |y〉) = 1√

2
(|1〉+ |−1〉) (A2.2.1)

|y〉 = 1

2i
(|x〉+ i |y〉)− 1

2i
(|x〉 − i |y〉) = 1√

2 i
(|1〉 − |−1〉) (A2.2.2)

〈x|Lxy |x〉 =
1

2
(〈1|+ 〈−1|)Lxy (|1〉+ |−1〉) =

1

2
[1 + (−1)] = 0 (A2.2.3)

〈x|L2
xy |x〉 =

1

2
(〈1|+ 〈−1|)L2

xy (|1〉+ |−1〉) =
1

2

[
12 + (−1)2

]
= 1 (A2.2.4)
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