PH142 Physics 11 Spring 2014

Homework 3 - Commutators

Q3.1.

A3.1.

Q3.2.

The Hermitian operators & and p satisfy

[2,p] =i (Q3.1.1)

and
T|x) = x|z) (Q3.1.2)

Using the Baker-Campbell-Hausdorff formula

1 1 1
eef = exp <A + B+ 3 [A, B] + 3 [A, [A, B]] + ' (B, [B, A]] + .. ) (Q3.1.3)
calculate -
e’ (e7' |z)) (Q3.1.4)
and hence interpret o
e (Q3.1.5)
Using Egs. (Q3.1.1) and (Q3.1.3),
eteTiP = ptTiabty — pagTiaped (A3.1.1)
therefore, using Eq. (Q3.1.2),
e’ (€7 |z)) = e"e " Pe” |z) = e'e " Pe” |z) = T (e7' |z)) (A3.1.2)

Thus we can interpret exp (—iap) as a translation in the z direction through a
distance a.

Let
if a=0
T @s2.)
for a,b € {z,y, 2},
Loy = ily) (z] —ilz) (yl (Q3.2.2)
Ly, = ilz) (yl —ily) (2] (Q3.2.3)
L., = i|x)(z| —il|z) (x| (Q3.2.4)
and
LP=12,+ L, +L2, (Q3.2.5)
Calculate
[La, L] (Q3.2.6)
and
[La, L?] (Q3.2.7)

for A, B € {zy,yz, zx}.
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A3.2.

Q3.3.

Using Egs. (Q3.2.2), (Q3.2.3) and (Q3.2.1),

LyyLy. = (ily) (x| —ilz) (l) (@ |2) (yl —ily) (z])
—|y) (z[2) (yl + |y) (x|y) (2]
+ |z) (yl2) (yl = |2) (yly) (2]
= —|x) (2|

and
Ly.Lyy = (LmyLyZ)T = —|z) (7]

therefore, using Eq. (1.1.16) and (Q3.2.4),
[Lyy, Ly.] = L,
Also, by permutation symmetry (r — y — z — z),
[Lyzy Lag) = 0Ly

and
[Lzz7 Lzy] = ZLyz

Similarly

L3, = (ily) (| —ilz) () (@ ly) (=] —ilz) (yl)
|z) (x| + [y) (vl

Therefore, using Eq. (Q3.2.5) and permutation symmetry,

L* = 2(|z) (2] + ly) (] +12) (2])

where here 2 means two times the identity operator. Therefore
[La, L] =0
for A, B € {zy,yz, zx}.

Using

calculate

and interpret your answer.
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A3.3. Using Egs. (Q3.2.2) and (A3.2.9),

L3 =Ly,
and
4 _ 72
Lt =12,
Therefore, using Eq. (Q3.3.1),
, = ingn
exp (—i0L,,) = Z o L,
n=0 ’

oo .
Z2n+102n+1

n=0

1 —isinfLy, + (cosf — 1) L3,
= cosf|z) (x| —sinf |z) (y]
+ sin @ |y) (x| + cos b |y) (y|

+12) (7]

Using Eq. (A3.3.6),

exp (—i0L,,) |x) = cos@|z) +sinf |y)
exp (—i0Ly) ly) = —sinf|z) + cosb |y)
6L,,) |

)z = l2)

exp (—1i
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Thus we can interpret exp (—:6L,,) as a rotation in the (z,y) plane through an

angle 6.
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