PH142 Physics 11 Spring 2014

Homework 4 - Angular momentum

Q4.1.

A4.1.

Q4.2.

A4.2.

Let A
Lab = jaﬁb - jbﬁa (Q411)
for a,b € {1,2,3}, and A ) A A
L? = L%, + L3, + L3, (Q4.1.2)
Show that o A
(L Lue| = iy (Q4.1.3)
and o
[La,,, Lﬂ =0 (Q4.1.4)

for a,b,c € {1,2,3} and a # b # c.
Using Egs. (Q4.1.1), (1.1.16) and (1.2.3),
Lavs L] = [(@ais = p0) , (@50 — )]
= [ZaDb, ToPe] — [TaDb, TePb) — [ToDas ToDe] + [ToPas TePs)
= ZaDe [Pb, To] + TcPa |6, Dol
— il (A4.1.1)

and, using Eqgs. (1.1.16) and (Q4.1.3),

|:-Z-/ab7 -Z-/zci| = |:j—4ab7 j—lbc] -Z-/bc - j—/bc |:-ZA-/bC7 f/abi|

= hLegLpe + ihLpeLeq
- [:ca [zcayiab:| + [icaazab:| ﬁca
. [zab,zga] (A4.1.2)
therefore o ) ) ) )
[Lab, LQ] - [Lab, (Lgb Iy . L2)] —0 (A4.1.3)

Determine the eigenvalues of L? and Ly, by considering the properties of
Ly =Log+ilg (Q4.2.1)
in a manor similar to Section (1.2.4).

L? and Ly are commuting Hermitian operators and so have a complete set of
common eigenvectors

LPIm = AMAw (Ad.2.1)
Liz A, p) |\ ) (Ad.2.2)
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Egs. (Q4.2.1) and (Q4.1.3) give
[f/le [A/i} =1h <f131 F Z'1223) = :I:hf/i (A4.2.3)

therefore

Lioly = L. (ﬁm + h> (A4.2.4)
therefore, using Eq. (A4.2.2),
Lo |\ p) o |\, o+ R) (A4.2.5)

similar to Egs. (1.2.40) and (1.2.41).
Egs. (Q4.2.1), (Q4.1.3) and (Q4.1.2) give

ﬂtf/i = <1Al23 F Zf/:ﬂ) (f;23 + Z'[A131>
— 12—l (ﬁm + h) (A4.2.6)

therefore, using Eqs. (A4.2.1) and (A4.2.2),

) 2
[La )| = D0 = s R} O A, ) (A4.2.7)
therefore
ppth) <A (A4.2.8)
and X
Li|\p)=0<= pu(pLth)=2A (A4.2.9)

similar to Eqgs. (1.2.43) and (1.2.44).
Eq. (A4.2.8) implies

VAN + 2 — R VAN+ R — R

—_—— << A4.2.10
5 <p< 5 ( )
therefore, using Eqs. (A4.2.5) and (A4.2.9),
VANT B2 € {h,2h,3h,...} (A4.2.11)
and
_ VAA+R?-h VAN + 2 —3h VAN+ R —h (A4.2.12)
= 5 e 5 , 5 2.
Parametrizing the eigenvalues as
VAN+ R = 2L+ 1)h (A4.2.13)

Ewan Stewart 2 2014/4/9



PH142 Physics 11 Spring 2014

1.e.

A=1(l+1)n* (A4.2.14)

and
w=mh (A4.2.15)

Egs. (A4.2.11) and (A4.2.12) become

le{o,

m=—l,....1—1,1 (A4.2.17)

N | —

,1,;,2,...} (A4.2.16)
and

similar to Eq. (1.2.47).
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