
PH211 Physical Mathematics I Fall 2011

Homework 7

Q7.1. Show that the eigenvalues α of a

(a) Hermitian operator satisfy
α∗ = α (Q7.1.1)

(b) unitary operator satisfy
α∗ = α−1 (Q7.1.2)

A7.1. (a) Let
H† = H (A7.1.1)

and
HPHα = αPHα (A7.1.2)

then

α∗P †Hα
PHα =

(
P †Hα

HPHα

)†
= P †Hα

H†PHα = P †Hα
HPHα = αP †Hα

PHα

(A7.1.3)

(b) Let
U † = U−1 (A7.1.4)

and
UPUα = αPUα (A7.1.5)

with PUα 6= 0, then α 6= 0,

U−1PUα = α−1PUα (A7.1.6)

and

α∗P †UαPUα =
(
P †UαUPUα

)†
= P †UαU

†PUα = P †UαU
−1PUα = α−1P †UαPUα

(A7.1.7)

Q7.2. Show that the eigenspaces of a

(a) Hermitian operator

(b) unitary operator

are orthogonal.

A7.2. (a) Let
H† = H (A7.2.1)

and
HPHα = αPHα (A7.2.2)
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then using Eq. (Q7.1.1)

αP †Hα
PHβ

= α∗P †Hα
PHβ

=
(
P †Hβ

HPHα

)†
= P †Hα

HPHβ
= βP †Hα

PHβ
(A7.2.3)

therefore
P †Hα

PHβ
= 0 for α 6= β (A7.2.4)

(b) Let
U † = U−1 (A7.2.5)

and
UPUα = αPUα (A7.2.6)

then using Eqs. (Q7.1.2) and (A7.1.6)

α−1P †UαPUβ = α∗P †UαPUβ =
(
P †UβUPUα

)†
= P †UαU

−1PUβ = β−1P †UαPUβ
(A7.2.7)

therefore
P †UαPUβ = 0 for α 6= β (A7.2.8)

Q7.3. The position and momentum operators have the commutation relation

[x̂, p̂] = i~ (Q7.3.1)

Show that they cannot have a common eigenvector. Interpret physically.

A7.3. Suppose
x̂ |x, p〉 = x |x, p〉 (A7.3.1)

and
p̂ |x, p〉 = p |x, p〉 (A7.3.2)

then
[x̂, p̂] |x, p〉 = (xp− px) |x, p〉 = 0 (A7.3.3)

contradicting Eq. (Q7.3.1).

An eigenvector of x̂ is a state with definite position and an eigenvector of p̂ is a
state with definite momentum. Thus Eq. (Q7.3.1) implies that a quantum particle
cannot have definite position and momentum at the same time.
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