PH211 Physical Mathematics I Fall 2011
Homework 9
Optional extra question.
Q9.3. The Hermitian operators Z and p satisfy
(6,] = i (Q93.1)
and
T|x) = x|z) (Q9.3.2)
Express p as a differential operator p,. Calculate
e"? | z) (Q9.3.3)
and '
e"Pe p(x) (Q9.3.4)
A9.3. Taking the Hermitian conjugate of Eq. (Q9.3.2) gives
(x| =z (x| (A9.3.1)
and p, is defined by
(z|p = pa (2] (A9.3.2)
Therefore
(x| [2,p] = [, pa] (2| (A9.3.3)
and so Eq. (Q9.3.1) becomes
[, ps] =i (A9.3.4)
p. is a differential operator
pe =Y An(x) 0} (A9.3.5)
n=0
where 0, = 0/0z. Substituting into Eq. (A9.3.4) gives A,(z) = 0 for n > 1 and
Ay (z) = —i, and since p, is Hermitian Ag(x) = A(z) where A(z) is a real function
of . Therefore Eq. (A9.3.4) has the general solution
P = —10; + A(x) (A9.3.6)
We can express Eq. (Q9.3.3) in terms of p, using Eq. (A9.3.2)
P |z) = ((z] e_w’;)T = (et <x|)T = ¢l | ) (A9.3.7)
and so Eq. (Q9.3.3) essentially reduces to Eq. (Q9.3.4), though note the .
In the special case A(z) = 0, Eq. (Q9.3.4) becomes
- = a" d"
€ () = % () = ) o(x) = ¢la + a) (A9.3.8)
n=0
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and, using Eq. (A9.3.7), Eq. (Q9.3.3) becomes

eiaﬁ ’.73) _ e—ai?z |x> — |.CE _ CL> (A9.3.9)
More generally
ciape — oalde+iA(w)] (A9.3.10)
Now
aﬁ etlOatiA(@)]  _ paldtiA(x)] [0, + i A(x)] (A9.3.11)
a
e OHA@Y 4 Az + a) AL (A9.3.12)
therefore

pWl0nTiA(@)] _ i [T A2 de’ jads (A9.3.13)

Putting everything together, Eq. (Q9.3.4) is evaluated as

piaps <Z5(l’) — oalOatiA(w)] gb(x) _ eifj*“A(m')dx'eaal ¢(CU) _ eif;+aA(x/)dz/ ¢(x + a)
(A9.3.14)
and Eq. (Q9.3.3) is evaluated as

eiaﬁ |LU> _ ei(zp;‘c |(L’> _ e—a[az—iA(ac)] |IE> _ eifjiaA(x’)dac’e—aaz ‘l’> _ eifzziaA(x’)dx’ |.T . (1,>

(A9.3.15)
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