PH211 Physical Mathematics I Fall 2011

Homework 9

Q9.1. Consider the differential operator

d2

T p—
dx?

(Q9.1.1)

acting on functions ¢ : [0, 27] — C.

What is the most general boundary condition consistent with L, being Hermitian?
Show that

i. the Dirichlet boundary conditions
»(0) = ¢(27) =0 (Q9.1.2)
ii. the Neumann boundary conditions
#(0) = ¢/(2m) = 0 (Q9.1.3)
iii. the periodic boundary conditions
¢(0) = ¢(2m) and ¢'(0) = ¢/(27) (Q9.1.4)
are all special cases of this general boundary condition.
In each case
(a)
(b)
(c)
)

(d) express

determine the eigenvalues and eigenspaces,
state the orthogonality and completeness equations,

check that W (¢, 1) = constant for ¢ and v in the same eigenspace,

f(z) =27z — 2° (Q9.1.5)

in terms of eigenvectors of L,.

A9.1.

i d¢*) (A9.1.1)

d
¢ Lot~ ¥Li6" = — (gb*@ —v =

Therefore, from Egs. (3.4.8) to (3.4.10), the general Hermitian boundary condition
is

¢"(0)¥'(0) — ¥(0) 67 (0) = ¢*(2m) ¥'(2m) — ¥ (27) ¢ (27) (A9.1.2)

The Dirichlet, Neumann and periodic boundary conditions, Egs. (Q9.1.2), (Q9.1.3)
and (Q9.1.4), are clearly special cases of this general boundary condition.
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(a) The general solution of the eigenvector equation

18

ii.

iii.

Ewan Stewart

L. = Ao (A9.1.3)

oa(z) =

{ A() + Bol‘ for X=0 (A914)

AAeﬁa’ + B,\e_ﬁ’” for N#0

The Dirichlet boundary conditions Eq. (Q9.1.2) constrain the coefficients
to

Ag=By=0 (A9.1.5)
and
Ay+B,=0 ()\7&0) (A916)
and the eigenvalues to
n2
A= I (n€Z,n>0) (A9.1.7)

Therefore the eigenspaces are

ér(1) = Oy sin (%) (A9.1.8)
The Neumann boundary conditions Eq. (Q9.1.3) constrain the coeffi-

cients to

By =0 (A9.1.9)
and
Ax— By =0 (A#0) (A9.1.10)
and the eigenvalues to
n2
/\:_Z (n€Z,n>0) (A9.1.11)
Therefore the eigenspaces are
ér(z) = Oy cos (Zgﬁ) (A9.1.12)

The periodic boundary conditions Eq. (Q9.1.4) constrain the coefficients
to

By =0 (A9.1.13)
and the eigenvalues to
A= —n? (n €7) (A9.1.14)
Therefore the eigenspaces are
Pa(1) = Axe™ + Bye ™ (A9.1.15)
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b) i

ii.

1il.

ii.

1il.
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Orthogonality
2 . /mx\ . [/nx
dx sin (—) sin (—) = T0mn
; 2 2
Completeness
3 sin (%) sin (%) = 7 [Ban (2 — 1) — San(x + )]
n=1
where » »
5,(x) = 8(z) (—5 <r< 5)
and
dp(x) = dp(z + p)
Orthogonality
2 max nw
dx cos (—) coS (—) = T0mn + TOmodno
0 2 2
Completeness
1 > nx ny
5+ ; cos <7> cos <7> = 7 [04n(x — Y) + an(x + y)]
Orthogonality
27
/ dr e”™MTen® — o,
0
Completeness
Z e = 21 Sy (z — y)

W(,¢) = ¢"y — ¢™¢

nx

L@’(snl-é-,snlfgf> 0

nw nw
|14 (cos —, COS —)

9 5) =Y

W (emm’ 6271:1:)
W (e—znz’ eznr)

2in
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(A9.1.16)

(A9.1.17)

(A9.1.18)

(A9.1.19)

(A9.1.20)

(A9.1.21)

(A9.1.22)

(A9.1.23)

(A9.1.24)

(A9.1.25)

(A9.1.26)

(A9.1.27)
(A9.1.28)
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where

ii.

where

1il.

where
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Jn

Jn

Q9.2. The real differential equation

with boundary conditions

Ewan Stewart

+ a(z) d

Fla) =L+ 3 fcos (22)
n=1

Jn

flz) = ifn sin (%)

= %/O%dxsin <%> f(x)

2
3—3 for n odd
— ™

0 for n even

2

— forn=0

0 for n odd

—— formneven,n >0

flo) =" fue™

n=—oo

£+ INb(z) + e(x)]y = 0

y(0) =y(1) =0
has solutions y,(z). What properties do the y,(x) have?
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(A9.1.29)

(A9.1.30)

(A9.1.31)

(A9.1.32)

(A9.1.33)

(A9.1.34)

(A9.1.35)

(A9.1.36)

(A9.1.37)

(Q9.2.1)

(Q9.2.2)
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A9.2. Rearranging Eq. (Q9.2.1) gives the eigen equation
L.y =\y (A9.2.1)

with - (2) d (@)
a(x c(x
L,=————— — = A9.2.2
b(x)dx?  b(x)dr b(x) (49.2.2)
Assuming a(z), b(x) and ¢(x) are real, and using Eqgs. (3.4.18) to (3.4.21), L, has
the form of a Hermitian differential operator

9(@) Ly = = p(z) - = ¢() (A9.2.3)
with
plz) = el (A9.2.4)
q(x) = cx)eld@ (A9.2.5)
g(z) = b(x)eld@ (A9.2.6)

Therefore the eigenfunctions y,(x) will be orthogonal !, over the range determined
by the boundary conditions Eq. (Q9.2.2) and with the integration measure of

Eq. (A9.2.6),
[ ) T 50y 0) o (492.7)
and complete 0
> 12 (2) 43() ) A9

- fol dx" b(:);”) efdx//a(z/’) y;(:r”) Ux (JZ”) b(l‘) efda:a(x)

!Degenerate eigenfunctions can be chosen to be orthogonal, and will also satisfy Eq. (3.4.11). How-
ever, the notation yy(z) would seem to imply that they are not degenerate.
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