PH211 Physical Mathematics I Fall 2011

Homework 10

Optional extra questions.

Q10.1.

Q10.2.

The function ¢ satisfies

Lp=0 (Q10.1.1)
and inhomogeneous boundary conditions. The linear operator L has the form
L=1Ly— 14 (Q10.1.2)
and the function ¢, satisfying
Log, =0 (Q10.1.3)

and the inhomogeneous boundary conditions is known. Ly and L; are Hermi-
tian with respect to the homogeneous boundary conditions associated with the
inhomogeneous boundary conditions, and the Green’s operator G satisfying

and the homogeneous boundary conditions is known.

(a) Use Gy to obtain an equation which can be iterated to solve Eq. (Q10.1.1)
for small L.

(b) Solve the Green’s operator equation
LG =1 (Q10.1.5)
and use G to solve Eq. (Q10.1.1) for small L;.

Check that your answers are consistent and reexpress your answer in component
form in the case that Ly and L, are differential operators.

Consider the differential operator

d2
r= T 5 10.2.1
i (@Qu2.1)
acting on functions ¢ : [0, 7] — R with boundary condition
do do
—(0) = — =0 10.2.2
% 0) = 2 (@Qu022)
(a) Show that the Green’s function equation
L.Glz,y) = 6(z — y) (Q10.23)
has no solution satisfying the boundary condition
oG oG
—(0,y) = — =0 10.2.4
5, (0 = 5 (my) (Q )

Explain why not.
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(b) Express the Green’s function for L, in terms of the eigenvectors of L,.

(c¢) Hence solve

Ly ¢(x) = p(x) (Q10.2.5)
in general, and for
p(x) = po cos(nz) (Q10.2.6)

with n € N in particular. What happens if n = 07 Explain.

Q10.3. Use the Green’s function method to solve

¥ = f(t) (Q10.3.1)
with initial conditions

z(0) = 0 (Q10.3.2)

#(0) = v (Q10.3.3)

Compare your solution with direct integration of Eq. (Q10.3.1). Give a physical
interpretation of the Green’s function and the Green’s function solution.

Hence solve
i+ Nt)z=0 (Q10.3.4)

with the same initial conditions, to leading order in A(¢t) < t~!'. Check your
approximate solution using the exact solution in the case A = constant.
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