PH211 Physical Mathematics Fall 2019

Final Exam - 1pm Sunday 15th December, Creative 311

Your answers should be clear and concise. They should start from basic principles and
proceed logically. You may cite material from the lecture notes and homework answers.

Q1. Explain the topological and physical meaning of

VAL=0 (Q1.1)

Q2. Evaluate g3.

A2.

a

g8 = gany™® = 05 = 03¢l = ey (A2.1)

Q3. Show that Egs. (2.1.16) to (2.1.18) imply Eq. (1.2.4) for w

(a) a scalar

(b) a covector

A3. (a) Using Egs. (2.1.16), (2.1.17) and (2.2.3),
(VAVAW) ) = VaVbw — VpVaw =0 (A3.1)
(b) Using Eqgs. (2.1.17), (2.1.18) and (Q10.2.1),

(Z A Z A Q) [abc] - va (wac - vCwb) + vb (vcwa - VaWc)
+ Vc (Vawb — waa> (A32)
- Rabchd ‘I‘ Rbcade ‘I‘ Rcaded — 0 (A33>

Q4. Express Aw in terms of VZw.
A4. Using Egs. (2.2.3) and (2.2.4),

(VaVb — vaa) Wed — (VaVb — vaa) (w.yge'geéd)

(A4.1)
= wweg (VaVp — VpVa) el + wysel (VaVp — Vb Va) e‘Sd (A4.2)
= w’YéefiRabceez + w’stezRabdeeg ( )

(Ad.4)

e e
= Rabc Wed Tt Rabd Wee

therefore, using Egs. (Q10.3.1) and (2.1.57), (2.1.12), (2.1.17) and (2.1.18), (2.2.2),
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(A10.1.8) and (Q10.2.1),

Awpp = — [0V -0 (V Aw)] bl [V A (oY - ow)] ab) (A4.5)
= _gaggbhvf [gfcggdghe (vcw[de] + vdW[ec] + veW[cd])}
- {Va [gbfve (gecgfdw[cd])} - Vb [gafve (gecgfdw[cd])] } (A46)
= —¢*ViVewan) — §°ViVawpe — 9V Vbwica)
— gecvavew[cb] + gecvbvew[ca] (A4.7)
— —VQw[ab] + ¢°¢ (Veva — VaVe) Wicb] g°° (vae — Vevb) Wica] (A4.8)
- _VQW[ab} + gecReacdw[db} + gecReabdw[Cd} + gecRbecdw[da} + gecRbeadw[Cd]
(AL.9)
= —VQw[ab] + Radw[db] + Rbdw[ad] — RadeW[cd} (A4.10)
Q5. Show that
0 1 0 € 0 0
AT = —&,g° e | = B T e gleBllel 2 °
Y Cad BB €1..N 07 (e1.xv )] €1..N 0% [61 N9 oz (95ev%)
(Q5.1)

Hence derive the textbook formula for V2# in two dimensional polar coordinates.

A5. Generalising Eqs. (Q10.3.1),

ANT=—=0oV A (V- 7)==V (oV A (A5.1)
Eq. (Q6.2.1) is
=) (45.2)
VU = e Naxa €1..NU .

therefore

(61.‘.]\[1}7) (A53)
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Egs. (1.4.7), (1.4.4) and (1.4.5), (1.5.8) and (1.5.13), (1.5.22), and (Q5.3.2) give

V-7 = —+x 'V A0 (A5.4)
= —€ - [Z/\ (5 e)} (A5.5)
1
— —el-{y/\ (5115755/\50 (erve' A /\eN)H (A5.6)
1 -1 a By a N
= —56 . %(61 NU ) e /\[(eﬂ/\ev) (e A...Ne )}
(A5.7)
1 1 0 ] 1 fa .
= -3 61@\7%( L0 et {e* N(Es N Ey) - €]} (A5.8)
11 9 o] e
= 5 la o (e1.v0") | 1 [e* Ax (€5 A E,)] (A5.9)
19 By 1o ne
= T3la N%(ELHNU )| (Esné,)-e (A5.10)
10 R
= 5lq N%(el...]\w ) ((5765—(5567) (A5.11)
10 N
= o o (61...Nvaﬁ)] €s (A5.12)
therefore
V-(oV Aol = € 0 € Ng[aﬁ”'ﬂﬂi (g5cv°) (A5.13)
- - €.y Oz | 7 Oxy 7%
In polar coordinates
Grr = 1 , Goo = T2 (A5 14)
grr - 1 ’ 999 — ﬁ )
1
Go=1 , gl = = (A5.15)
and the curvature is zero. Therefore, raising the index in Eq. (A10.3.13),
V2 = —Av (A5.16)
and
0 1 0
L) = & 98 Y
oV Ao (V- -7)=é.g 57 [61---1\/ oy (€1..n0 )} (A5.17)
_ — rra — 908 10 r 10 6
= (erg B + €9 89) Lre 5 (€:00") + 30 (67«91} )] (A5.18)
J € 0 10 o’
— (e 2227 V122 (po) - 2 Ab5.1
(“aﬁwaa) [rar (rv) + ae} (45.19)
_o0[19, . 0% e o0 [ o €y 0%v?
= Gy {;5 (ro >] o500 T ar ( a9 ) T A0
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and
: 5o B 0 ol O e
V- (oV AT = P Yo |:€1---Ng v oy (g5ev°) (A5.21)
= @2 — g_rg [r0][r0] 2 0y 3 .
B (Ere or €0 80) {Ergg or <999U ) 90 (grrv ) <A522)

B (?g@_é}@ 110,45, _%
N <7“ or r 09) {T [87‘ (r v ) 09 (A5.23)
e,

= @2 12(7‘21)9) —@2 1(%7” __Tg ,n?a_vg +§82UT
 rOr|ror r or \r 00 r2or 00 r2 002

(A5.24)

The unit basis vectors €, and components v are related to the coordinate basis
vectors €, and components v by

é;, = 6_;2 s 6_:9 = Téb
) . , o? (A5.25)
vo= v, v = —
r
therefore
V2 = oV AS(V-0)+ Y- (oV Aob) (A5.26)

_ ]9 12( ) +iazvr_gg_ve
o rar Y] T 200 T o0

e [0 [1O ,,, 10%% 2 Ov"
+r{ { (r*o”) | + + 578 (A5.27)

or | ror r 002
S - LAy L1V 200
= Nor |ror VT 2 002 2 00

JoTro /s 1020 280
+€9 {5 [;E (7“1) >:| +ﬁ 8‘92 +§W} (A528)
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