
PH211 Physical Mathematics Fall 2019

Final Exam - 1pm Sunday 15th December, Creative 311

Your answers should be clear and concise. They should start from basic principles and
proceed logically. You may cite material from the lecture notes and homework answers.

Q1. Explain the topological and physical meaning of

∇∧ J = 0 (Q1.1)

Q2. Evaluate gαa .

A2.
gαa = gabg

αb = δαa = δαβ e
β
a = eαa (A2.1)

Q3. Show that Eqs. (2.1.16) to (2.1.18) imply Eq. (1.2.4) for ω

(a) a scalar

(b) a covector

A3. (a) Using Eqs. (2.1.16), (2.1.17) and (2.2.3),

(∇∧∇ ∧ ω)[ab] = ∇a∇bω −∇b∇aω = 0 (A3.1)

(b) Using Eqs. (2.1.17), (2.1.18) and (Q10.2.1),

(∇∧∇ ∧ ω)[abc] = ∇a (∇bωc −∇cωb) +∇b (∇cωa −∇aωc)

+∇c (∇aωb −∇bωa) (A3.2)

= R d
abc ωd +R d

bca ωd +R d
cab ωd = 0 (A3.3)

Q4. Express 4ω in terms of ∇2ω.

A4. Using Eqs. (2.2.3) and (2.2.4),

(∇a∇b −∇b∇a)ωcd = (∇a∇b −∇b∇a)
(
ωγδe

γ
ce
δ
d

)
(A4.1)

= ωγδe
δ
d (∇a∇b −∇b∇a) e

γ
c + ωγδe

γ
c (∇a∇b −∇b∇a) e

δ
d (A4.2)

= ωγδe
δ
dR

e
abc e

γ
e + ωγδe

γ
cR

e
abd e

δ
e (A4.3)

= R e
abc ωed +R e

abd ωce (A4.4)

therefore, using Eqs. (Q10.3.1) and (2.1.57), (2.1.12), (2.1.17) and (2.1.18), (2.2.2),
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(A10.1.8) and (Q10.2.1),

4ω[ab] = −
[
�∇ · �

(
∇∧ ω

)]
[ab]
−
[
∇∧

(
�∇ · �ω

)]
[ab]

(A4.5)

= −gaggbh∇f

[
gfcggdghe

(
∇cω[de] +∇dω[ec] +∇eω[cd]

)]
−
{
∇a

[
gbf∇e

(
gecgfdω[cd]

)]
−∇b

[
gaf∇e

(
gecgfdω[cd]

)]}
(A4.6)

= −gfc∇f∇cω[ab] − gfc∇f∇aω[bc] − gfc∇f∇bω[ca]

− gec∇a∇eω[cb] + gec∇b∇eω[ca] (A4.7)

= −∇2ω[ab] + gec (∇e∇a −∇a∇e)ω[cb] + gec (∇b∇e −∇e∇b)ω[ca] (A4.8)

= −∇2ω[ab] + gecR d
eac ω[db] + gecR d

eab ω[cd] + gecR d
bec ω[da] + gecR d

bea ω[cd]

(A4.9)

= −∇2ω[ab] +R d
a ω[db] +R d

b ω[ad] −R cd
ab ω[cd] (A4.10)

Q5. Show that

4~v = −~eαgαβ
∂

∂xβ

[
1

ε1···N

∂

∂xγ
(ε1···Nv

γ)

]
− ~eβ
ε1···N

∂

∂xα

[
ε1···Ng

[αβ][γδ] ∂

∂xγ
(gδεv

ε)

]
(Q5.1)

Hence derive the textbook formula for ∇2~v in two dimensional polar coordinates.

A5. Generalising Eqs. (Q10.3.1),

4~v = − � ∇ ∧ � (∇ · ~v)−∇ · ( � ∇ ∧ �~v) (A5.1)

Eq. (Q6.2.1) is

∇ · ~v =
1

ε1···N

∂

∂xα
(ε1···Nv

α) (A5.2)

therefore

�∇ ∧ � (∇ · ~v) = ~eαg
αβ ∂

∂xβ

[
1

ε1···N

∂

∂xγ
(ε1···Nv

γ)

]
(A5.3)
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Eqs. (1.4.7), (1.4.4) and (1.4.5), (1.5.8) and (1.5.13), (1.5.22), and (Q5.3.2) give

∇ · ~~v = − ?−1 ∇∧ ?~~v (A5.4)

= −ε−1 ·
[
∇∧

(
~~v · ε

)]
(A5.5)

= −ε−1 ·
{
∇∧

[(
1

2
vβγ~eβ ∧ ~eγ

)
·
(
ε1···N e

1 ∧ . . . ∧ eN
)]}

(A5.6)

= −1

2
ε−1 ·

{[
∂

∂xα
(
ε1···Nv

βγ
)]
eα ∧

[
(~eβ ∧ ~eγ) ·

(
e1 ∧ . . . ∧ eN

)]}
(A5.7)

= −1

2

[
1

ε1···N

∂

∂xα
(
ε1···Nv

βγ
)]
ε−1 · {eα ∧ [(~eβ ∧ ~eγ) · ε]} (A5.8)

= −1

2

[
1

ε1···N

∂

∂xα
(
ε1···Nv

βγ
)]
?−1 [eα ∧ ? (~eβ ∧ ~eγ)] (A5.9)

= −1

2

[
1

ε1···N

∂

∂xα
(
ε1···Nv

βγ
)]

(~eβ ∧ ~eγ) · eα (A5.10)

= −1

2

[
1

ε1···N

∂

∂xα
(
ε1···Nv

βγ
)] (

δαγ~eβ − δαβ~eγ
)

(A5.11)

=

[
1

ε1···N

∂

∂xα
(
ε1···Nv

αβ
)]
~eβ (A5.12)

therefore

∇ · ( � ∇ ∧ �~v) = ~eβ
ε1···N

∂

∂xα

[
ε1···Ng

[αβ][γδ] ∂

∂xγ
(gδεv

ε)

]
(A5.13)

In polar coordinates
grr = 1 , gθθ = r2

grr = 1 , gθθ =
1

r2
(A5.14)

εrθ = r , g[rθ][rθ] =
1

r2
(A5.15)

and the curvature is zero. Therefore, raising the index in Eq. (A10.3.13),

∇2~v = −4~v (A5.16)

and

�∇ ∧ � (∇ · ~v) = ~eαg
αβ ∂

∂xβ

[
1

ε1···N

∂

∂xγ
(ε1···Nv

γ)

]
(A5.17)

=

(
~erg

rr ∂

∂r
+ ~eθg

θθ ∂

∂θ

)[
1

εrθ

∂

∂r
(εrθv

r) +
1

εrθ

∂

∂θ

(
εrθv

θ
)]

(A5.18)

=

(
~er
∂

∂r
+
~eθ
r2

∂

∂θ

)[
1

r

∂

∂r
(rvr) +

∂vθ

∂θ

]
(A5.19)

= ~er
∂

∂r

[
1

r

∂

∂r
(rvr)

]
+ ~er

∂2vθ

∂r∂θ
+
~eθ
r3

∂

∂r

(
r
∂vr

∂θ

)
+
~eθ
r2
∂2vθ

∂θ2
(A5.20)
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and

∇ · ( � ∇ ∧ �~v) = ~eβ
ε1···N

∂

∂xα

[
ε1···Ng

[αβ][γδ] ∂

∂xγ
(gδεv

ε)

]
(A5.21)

=

(
~eθ
εrθ

∂

∂r
− ~er
εrθ

∂

∂θ

){
εrθg

[rθ][rθ]

[
∂

∂r

(
gθθv

θ
)
− ∂

∂θ
(grrv

r)

]}
(A5.22)

=

(
~eθ
r

∂

∂r
− ~er

r

∂

∂θ

){
1

r

[
∂

∂r

(
r2vθ

)
− ∂vr

∂θ

]}
(A5.23)

=
~eθ
r

∂

∂r

[
1

r

∂

∂r

(
r2vθ

)]
− ~eθ

r

∂

∂r

(
1

r

∂vr

∂θ

)
− ~er
r2

∂

∂r

(
r2
∂vθ

∂θ

)
+
~er
r2
∂2vr

∂θ2

(A5.24)

The unit basis vectors ~eα̂ and components vα̂ are related to the coordinate basis
vectors ~eα and components vα by

~er = ~er̂ , ~eθ = r~eθ̂

vr = vr̂ , vθ =
vθ̂

r

(A5.25)

therefore

∇2~v = �∇ ∧ � (∇ · ~v) +∇ · ( � ∇ ∧ �~v) (A5.26)

= ~er

{
∂

∂r

[
1

r

∂

∂r
(rvr)

]
+

1

r2
∂2vr

∂θ2
− 2

r

∂vθ

∂θ

}
+
~eθ
r

{
∂

∂r

[
1

r

∂

∂r

(
r2vθ

)]
+

1

r

∂2vθ

∂θ2
+

2

r2
∂vr

∂θ

}
(A5.27)

= ~er̂

{
∂

∂r

[
1

r

∂

∂r

(
rvr̂
)]

+
1

r2
∂2vr̂

∂θ2
− 2

r2
∂vθ̂

∂θ

}

+ ~eθ̂

{
∂

∂r

[
1

r

∂

∂r

(
rvθ̂
)]

+
1

r2
∂2vθ̂

∂θ2
+

2

r2
∂vr̂

∂θ

}
(A5.28)
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