
PH211 Physical Mathematics Fall 2019

Homework 3 - Topological tensor calculus

Q3.1. Show that the Lie derivative

Lvω = ~v · (∇∧ ω) +∇∧ (~v · ω) (Q3.1.1)

commutes with the exterior derivative and obeys the Leibnitz rule

Lv (ω ∧ σ) = (Lvω) ∧ σ + ω ∧ Lvσ (Q3.1.2)

Q3.2. Consider a spacetime with time coordinate t, time covector

et = ∇∧ t (Q3.2.1)

time vector ~et satisfying
~et · et = 1 (Q3.2.2)

and time and spatial exterior derivatives

ω̇ ≡ Letω = ~et · (∇∧ ω) +∇∧ (~et · ω) (Q3.2.3)

∇(3) ∧ ω ≡ ~et ·
(
et ∧∇ ∧ ω

)
− et ∧∇ ∧ (~et · ω) (Q3.2.4)

Show that

(a) the spacetime exterior derivative decomposes as

∇∧ ω = et ∧ ω̇ +∇(3) ∧ ω (Q3.2.5)

(b) the time and spatial exterior derivatives commute,

(c) the spatial exterior derivative obeys

∇(3) ∧∇(3) ∧ ω = 0 (Q3.2.6)

and

∇(3) ∧ (ω ∧ σ) =
(
∇(3) ∧ ω

)
∧ σ + (−1)degωω ∧

(
∇(3) ∧ σ

)
(Q3.2.7)

as required for an exterior derivative.
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