PH211 Physical Mathematics Fall 2019

Homework 3 - Topological tensor calculus
Q3.1. Show that the Lie derivative
Liw=T-(VAw)+ VA w) (Q3.1.1)
commutes with the exterior derivative and obeys the Leibnitz rule

L,(wNho)=(Lw)No+wAL,o (Q3.1.2)

A3.1. Using Eq. (1.2.4),

VALiw = VA[T-(VAw)]+VAVA(W-w) (A3.1.1)
= - [VANAW)]+VA[T (VAw)] (A3.1.2)
= L,(VAw) (A3.1.3)

and using Eqgs. (1.2.5) and (1.1.22),
LowAa) = G [VA(AS)+VA[T-(wAo)] (A3.1.4)
- [(YAw)Aa]+ (—=1)%“F - [wA (Y Ao

VAT w) Aol + (-1)* YV Aw A (T 0)]
(VAW Ao+ (—1)% 1 (T A w) A (7 o)

i (A3.1.5)
+ (=)%Y (T- WA (YAG)+wA[T- (Y Ao)

+

+

VA (@ w)] Ao+ (1)L (F. w) A (VA o)
(—1)EY (VAW A (T-0) +wA [V A(T-0) (A3.1.6)
= Lw)No+wAL,o (A3.1.7)

Q3.2. Consider a spacetime with time coordinate t, time covector
e =V At (Q3.2.1)

time vector €; satisfying
g e =1 (Q3.2.2)

w = Low = é-VAw)+VA(6-w) (Q3.2.3)
VOANw = & (ANVAw) = AV A (6 w) (Q3.2.4)

Show that

(a) the spacetime exterior derivative decomposes as
VAw=eANw+VIAw (Q3.2.5)

(b) the time and spatial exterior derivatives commute,
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(c) the spatial exterior derivative obeys
VOAVYO Aw=0 (Q3.2.6)
and
VONAN(wAe)= (z@ A w> Ao+ (—1)%e@w A (y“”) A 0'> (Q3.2.7)
as required for an exterior derivative.

A3.2. Egs. (Q3.2.1) and (1.2.4) give

VAe!=VAVALt=0 (A3.2.1)
Egs. (1.1.22) and (Q3.2.2) give
& (AVAw)=VAw—€e N6 (VAw)) (A3.2.2)
and Eqgs. (A3.2.2), (1.2.4), (1.2.5) and (A3.2.1) give
VA[G-(AVAw)] = =VA{ N6 (VAw)]} (A3.2.3)
= AVA[E- (VAW)] (A3.2.4)

(a) Using Egs. (A3.2.2), (Q3.2.3) and (Q3.2.4),

VAw = eéng-NVNAw)+é- (e "NV Aw) (A3.2.5)
= ' Ae- (VAw) + VA (G- w)]

+é - (NVAw)—e' AV A(E w) (A3.2.6)

= AW+ VYY Aw (A3.2.7)

(b) Using Eqgs. (Q3.2.3), (Q3.2.4), (A3.2.4), (1.2.5) and (A3.2.1),

L, <Z(3)/\w)
= A (YA (@AY AL} FTA{E- 6 (AT Aw)])
— & {VA[LAVA@E - w)]}-VA{E [ AV A@E- w)]} (A3.2.8)
= G- {AVA[G- (VYAw)]}—e AV A{E- 6 (VAw)]}
+& {AVANA@E W} —e AVA{E [VAE - w)]} (A3.2.9)
VA Le,w (A3.2.10)

(c) Using Egs. (Q3.2.4), (A3.2.4), (1.2.5) and (A3.2.1),

2(3)/\2(3)/\“}
= G {dAYA[E (AT AW} AT A G B (AT AW)])
—&-{AVAN[ENVA@E-w)]}+e AV A{E [ ANV A(6-w)]|}(A3.211)
= & {dNNYAE - (N Aw)]) - AYA{G[&- (¢ AY Aw)]}
+é - [N AVAVA(EG -w)]+eAe AVA{E - [VA(E-w)]} (A3.212)
=0 (A3.2.13)
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and, using Eqgs. (Q3.2.5), (1.2.5), (Q3.1.2) and (1.1.20),

VOAN(wAe) = VA(wAG)—e AL, (wAo) (A3.2.14)
= (VAW)Ao + (=1L A (VY Ao)
— (&' NLew) No — (—1)"E“w A (¢' A L., 0)
(A3.2.15)
= (Y9 Aw) o+ (—1)ewn (V9 A o) (A32.16)

or alternatively, using Eqs. (Q3.2.4), (1.2.5), (1.1.20) and (1.1.22),

VO A (w A o)
= & [ AVA(wAT) —eAVAIE (wA0o) (A3.2.17)
= & - [(AYAw)ATg]+6 - [wnA (e AV AT)]
— e AVA[E-w)Aa] — (1)1 B AV A[wA (6 -0)]  (A3.2.18)
= [é . (gt /\Z/\w)] Ao+ (—1)deewt? (Qt /\Z/\w) A (€ - o)
+ (@ wA(EAVYAT)+ (1) wA[E- (AV AT)]
—[AVA(E w)]he—(6-w)A (e AV Ao)
— (-1)%E (' AVAW) A (& - 0) — (-1)*“w A [e" AV A (- o))
(A3.2.19)
— (v<3> Aw) Ao+ (—1)%Ewg A <z<3> A a) (A3.2.20)
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