PH211 Physical Mathematics Fall 2019

Homework 5 - Densities and volumes

Q5.1. Explain the conceptual difference between p and p = %p in three dimensions.
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A5.1. pis a density and p = xp = € p combines the unit volume € with the density p to

give the traditional scalar representation of a density: amount per unit volume.

Q5.2. Show that

(a)
el (T-e)=7 (Q5.2.1)

(b)
el -[(GND) € =uant (Q5.2.2)

A5.2. (a) Using Egs. (1.1.21), (1.1.22), (1.4.1) and

TAel=0 (A5.2.1)
we have
el (7€) = —(—1)Ve ' (e-9) (A5.2.2)
= —(Ghe!) -e+T(e € (A5.2.3)
= 7 (A5.2.4)

(b) Similarly

e [(@NT) € e[ (i €) (A5.2.5)
= (=D)Ne ' -[(d@-€) - (A5.2.6)
= (Unel)-(T-e)—TNA[e! (i €)] (A5.2.7)
= —UAU (A5.2.8)

anT (A5.2.9)

Q5.3. Show that for an m-form w and an n-vector v with m <n
(a)
(xw) - (xv) =w - v (Q5.3.1)

(b)
s HwAxv)=v w (Q5.3.2)

A5.3. (a) Using Egs. (1.4.4) and (1.1.19), for m + (N —n) < N,

-1

(w) (xv)=(w-€ ) w=w- (e *)=w-v (A5.3.1)
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(b) Using Egs. (1.4.5), (1.1.22) and (1.4.4), for m+ (N —n) < N,

* HwhAxv) =€ (wAx) = (e ) w=v w (A5.3.2)

Q5.4. Show that
V-V-v=0 (Q5.4.1)
for any multivector v. What traditional vector calculus results does this corre-

spond to?
Ab5.4. Eq. (1.4.7) for an n-vector v is
(-1)"'V.-v =%V Axv (A5.4.1)
therefore Eq. (1.2.4) gives

~V - V.o=+'VAVAxw =0 (A5.4.2)

For v a scalar or a vector, Eq. (Q5.4.1) is trivial. For v a two-vector, Eq. (Q5.4.1)
can be written as

0=V -V-0=-V -« VA (A5.4.3)

which corresponds to V-V x 7 =0 in three-dimensional vector calculus. For v a
three-vector, Eq. (Q5.4.1) can be written as

S
S

0=V -V-i=—-x'VAVx* (A5.4.4)

which corresponds to V x Vv = 0 in three-dimensional vector calculus.
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