
PH211 Physical Mathematics Fall 2019

Homework 6 - Bases and coordinates

Q6.1. Write down Maxwell’s equations in spherical polar coordinates.

A6.1. Using Eqs. (1.5.8) and (1.5.22), we can expand Maxwell’s equations, Eq. (1.3.1),
in a coordinate basis as
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where we have assumed that ėα = 0 as is appropriate for a spherical polar coordi-
nate basis. The independent components are
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where Bβγ,α ≡ ∂Bβγ/∂x
α and square brackets denote antisymmetrization. More

explicitly, in spherical polar coordinates

Bθφ,r +Bφr,θ +Brθ,φ = 0 (A6.1.9)

Eθ,r − Er,θ + Ḃrθ = 0 (A6.1.10)

Eφ,θ − Eθ,φ + Ḃθφ = 0 (A6.1.11)

Er,φ − Eφ,r + Ḃφr = 0 (A6.1.12)

Dθφ,r +Dφr,θ +Drθ,φ = ρrθφ (A6.1.13)

Hθ,r −Hr,θ − Ḋrθ = jrθ (A6.1.14)

Hφ,θ −Hθ,φ − Ḋθφ = jθφ (A6.1.15)

Hr,φ −Hφ,r − Ḋφr = jφr (A6.1.16)

Q6.2. Show that

∇ · ~v =
1

ε1···N

∂

∂xα
(ε1···Nv

α) (Q6.2.1)

and hence write down ∇·~v in three dimensional spherical polar coordinates. Com-
pare with the traditional vector calculus formula and explain the difference.
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A6.2. Using Eqs. (1.4.7), (1.4.4) and (1.4.5), (1.5.2) and (1.5.13), (1.5.22), and (Q5.3.2),

∇ · ~v = ?−1∇∧ ?~v (A6.2.1)

= ε−1 · [∇∧ (~v · ε)] (A6.2.2)
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In spherical polar coordinates

ε1···N = r2 sin θ (A6.2.10)

therefore
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(A6.2.11)

The traditional vector calculus formula is
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(A6.2.12)

The difference arises because traditional vector calculus uses unit basis vectors ~eα̂
rather than coordinate basis vectors ~eα

~er̂ = ~er (A6.2.13)

~eθ̂ =
1

r
~eθ (A6.2.14)

~eφ̂ =
1

r sin θ
~eφ (A6.2.15)

and hence components

vr̂ = vr (A6.2.16)

vθ̂ = rvθ (A6.2.17)

vφ̂ = r sin θ vφ (A6.2.18)
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