
PH211 Physical Mathematics Fall 2019

Homework 7 - Abstract index notation

Q7.1. Express Eqs (1.4.3), (1.4.6) and (1.4.8) in abstract index notation.

A7.1.

ρ =
1

3!
ε[abc]ρ[abc] (A7.1.1)

Ba =
1

2!
ε[abc]B[bc] (A7.1.2)

∇aB
a =

1

3!
ε[abc]

(
∇aB[bc] +∇bB[ca] +∇cB[ab]

)
(A7.1.3)

=
1

2
ε[abc]∇aB[bc] (A7.1.4)

Q7.2. Express Eqs. (1.5.2) and (1.5.3) in abstract index notation and show that

(a)
vα = eαav

a (Q7.2.1)

(b)
ωav

a = ωαv
α (Q7.2.2)

(c)
eαae

b
α = δba (Q7.2.3)

explaining the meaning of all terms.

A7.2. In abstract index notation, Eq. (1.5.2) is

va = vαeaα (A7.2.1)

where vα is the α component of the vector va, eaα is the α basis vector and the
right hand side is summed over the components α. Eq. (1.5.3) is

eαae
a
β = δαβ (A7.2.2)

where eαae
a
β is the α basis covector contracted with the β basis vector and the δαβ

are the components of the identity tensor δab, which are equal to 1 if α = β and
zero otherwise.

(a)
eαav

a = eαav
βeaβ = vβδαβ = vα (A7.2.3)

vα is the α component of the vector va and eαav
a is the α basis covector

contracted with the vector va.
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(b)
ωav

a = ωαe
α
av

βeaβ = ωαv
βδαβ = ωαv

α (A7.2.4)

ωav
a is the covector ωa contracted with the vector va and ωαv

α is the sum of
the products of the components of ωa and va.

(c)
eαae

b
αv

a = ebαv
α = vb (A7.2.5)

therefore
eαae

b
α = δba (A7.2.6)

eαae
b
α is the sum of the products of the basis covectors and vectors and δba is

the identity tensor.

Q7.3. Using abstract index notation, show that

(a)
~v ·

(
ω ∧ σ

)
= (~v · ω)σ +

(
~v · σ

)
∧ ω (Q7.3.1)

(b)
~~v ·

(
ω ∧ σ

)
=

(
ω · ~~v

)
· σ +

(
~~v · σ

)
ω (Q7.3.2)

A7.3. (a) Using Eqs. (2.1.13) and (2.1.12),

~v ·
(
ω ∧ σ

)
↔ va

(
ωaσ[bc] + ωbσ[ca] + ωcσ[ab]

)
(A7.3.1)

= vaωaσ[bc] + vaσ[ab]ωc + vaσ[ca]ωb (A7.3.2)

= vaωaσ[bc] + vaσ[ab]ωc − vaσ[ac]ωb (A7.3.3)

↔ (~v · ω)σ +
(
~v · σ

)
∧ ω (A7.3.4)

(b) Using Eqs. (2.1.11) and (2.1.13),

~~v ·
(
ω ∧ σ

)
↔ 1

2!
v[ab]

(
ωaσ[bc] + ωbσ[ca] + ωcσ[ab]

)
(A7.3.5)

=
1

2
ωav

[ab]σ[bc] +
1

2
ωbv

[ab]σ[ca] +
1

2!
v[ab]σ[ab]ωc (A7.3.6)

=
1

2
ωav

[ab]σ[bc] +
1

2
ωbv

[ba]σ[ac] +
1

2!
v[ab]σ[ab]ωc (A7.3.7)

= ωav
[ab]σ[bc] +

1

2!
v[ab]σ[ab]ωc (A7.3.8)

↔
(
ω · ~~v

)
· σ +

(
~~v · σ

)
ω (A7.3.9)
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