PH211 Physical Mathematics Fall 2019

Homework 7 - Abstract index notation

Q7.1. Express Eqgs (1.4.3), (1.4.6) and (1.4.8) in abstract index notation.

AT.1.

1 abc
a 1 [abc]
B2 — T Bibq (A7.1.2)
1
VaB* = 56" (VaBippe) + Vb Biea) + Ve Bjav)) (AT.1.3)
1
—= §E[abc]VaB[bC] (A714>

Q7.2. Express Egs. (1.5.2) and (1.5.3) in abstract index notation and show that

V% = egva (Q?Ql)

(b)
Wat® = wuv® (Q7.2.2)

(c)
eleP = 6P (Q7.2.3)

explaining the meaning of all terms.

A7.2. In abstract index notation, Eq. (1.5.2) is

v? = v%ed (A7.2.1)

07

where v® is the a component of the vector v®, e2 is the a basis vector and the

right hand side is summed over the components . Eq. (1.5.3) is
€ats = 0g (A7.2.2)

where eged is the a basis covector contracted with the 3 basis vector and the 0%
are the components of the identity tensor 63, which are equal to 1 if « = 8 and
zero otherwise.

(a)

eqv® = egvﬁeg = vﬁdg =0° (A7.2.3)

a

v® is the o component of the vector v* and egjv? is the a basis covector

contracted with the vector v2.
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(b)

Wat® = waeg‘vﬁeg = wavﬁég‘ = W (A7.2.4)

wa?? 1s the covector w, contracted with the vector v® and w,v® is the sum of
the products of the components of w, and v?.

(c)

e2ePv? = Py =P (A7.2.5)

therefore
elel = o (A7.2.6)

e2eP is the sum of the products of the basis covectors and vectors and 6P is
the identity tensor.

Q7.3. Using abstract index notation, show that

(a)

U (who) =0 -wao+ (Vo) A\w (Q7.3.1)
(b) ) ) )
U-(g/\g)z(g~5>~g+<z7-g>g (Q7.3.2)
A7.3. (a) Using Egs. (2.1.13) and (2.1.12),

U - (g A g) — v? (waa[bc] + WpO[ca) + wca[ab}) (A7.3.1)
= vawaa[bc} + Uaa[ab}wc -+ vaa[ca]wb (A7.3.2)
= anad[bc} + vaa[ab]wc — vaa[ac}wb (A7.3.3)
& (Two+ (T-0) Aw (A7.3.4)

(b) Using Eqgs. (2.1.11) and (2.1.13),
3 l
U - (g/\g) <~ av[ b] (waa[bc] + WpO[ca] + wco[ab}) (A7.3.5)

1 1 1
= §wav[ab]a[bc] + §wbv[ab]a[ca] + av[ab]a[ab}wc (A7.3.6)
1 1 1
= §wav[ab]0[bc] -+ iwbv[ba]a[ac] + ﬁv[ab}a[ab}wc (A7.3.7)
1
= wav[ab}a[bc] + Ev[ab]a[ab]wc (A7.3.8)

> <c_u . 5) o+ (5 g) w (A7.3.9)
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