
PH211 Physical Mathematics Fall 2019

Homework 10 - Curvature

Q10.1. Calculate
(∇a∇b −∇b∇a) vc (Q10.1.1)

in two different ways, and hence show that

Rabcd = −Rabdc (Q10.1.2)

Find all possible distinct contractions of the metric with the curvature tensor.

A10.1. Using Eq. (2.2.4),

(∇a∇b −∇b∇a) vc = gce (∇a∇b −∇b∇a) ve = gceRabe
dvd = gceRabedv

d

(A10.1.1)
and

0 = (∇a∇b −∇b∇a)
(
vdωd

)
(A10.1.2)

= ωd (∇a∇b −∇b∇a) vd + vd (∇a∇b −∇b∇a)ωd (A10.1.3)

= ωc (∇a∇b −∇b∇a) vc + vdRabd
cωc (A10.1.4)

therefore

(∇a∇b −∇b∇a) vc = −Rabd
cvd = −gceRabdev

d (A10.1.5)

Comparing Eqs. (A10.1.1) and (A10.1.5) gives Eq. (Q10.1.2).

Eq. (2.2.4) implies
Rabcd = −Rbacd (A10.1.6)

and Eqs. (A10.1.6) and (Q10.1.2) imply

gcdRcdab = gcdRabcd = 0 (A10.1.7)

and

gcdRacbd = −gcdRacdb = −gcdRcabd = gcdRcadb ≡ Rab (A10.1.8)

which is called the Ricci tensor. Further

gabRab ≡ R (A10.1.9)

which is called the Ricci scalar.

Q10.2. Use the curvature tensor identity

Rabc
d +Rbca

d +Rcab
d = 0 (Q10.2.1)

to show that
Rabcd = Rcdab (Q10.2.2)

Ewan Stewart 1 2019/11/26



PH211 Physical Mathematics Fall 2019

A10.2. Using Eqs. (Q10.2.1), (Q10.1.2) and (A10.1.6),

0 = gde (Rabc
e +Rbca

e +Rcab
e) (A10.2.1)

= Rabcd +Rbcad +Rcabd (A10.2.2)

= Rabcd −Rbcda −Rcadb (A10.2.3)

= Rabcd +Rcdba +Rdbca +Radcb +Rdcab (A10.2.4)

= Rabcd −Rcdab −Rdbac −Radbc −Rcdab (A10.2.5)

= Rabcd −Rcdab +Rbadc −Rcdab (A10.2.6)

= 2 (Rabcd −Rcdab) (A10.2.7)

Q10.3. The operator 4 acting on an n-form ω is defined by

4ω = −∇ ∧ (∇ · ω)−∇ · (∇∧ ω) (Q10.3.1)

(a) Express 4ω in terms of
∇2 = gab∇a∇b (Q10.3.2)

(b) Show that

4ω = − 1

ε1···N

∂

∂xα

(
ε1···Ng

αβ ∂ω

∂xβ

)
(Q10.3.3)

(c) Express 4ω in terms of
∇2 = gab∇a∇b (Q10.3.4)

(d) Using
G = ∗F (Q10.3.5)

show that
4F = ∇∧ ∗−1J (Q10.3.6)

(e) In Lorentz gauge
∇ · A = 0 (Q10.3.7)

show that
4A = ∗−1J (Q10.3.8)

A10.3. (a)
∇ · ω = 0 (A10.3.1)

and, using Eqs. (2.1.12), (2.1.16) and (2.1.57),

∇ · (∇∧ ω) = ∇bg
ba∇aω = ∇2ω (A10.3.2)

therefore
4ω = −∇2ω (A10.3.3)
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(b)
∇ · ω = 0 (A10.3.4)

while Eq. (1.5.22) gives

∇∧ ω =
∂ω

∂xβ
eβ (A10.3.5)

using
gabeβb = gαβeaα (A10.3.6)

gives

�∇ ∧ ω = gαβ
∂ω

∂xβ
~eα (A10.3.7)

and using Eq. (Q6.2.1) gives

∇ · �∇ ∧ ω =
1

ε1···N

∂

∂xα

(
ε1···Ng

αβ ∂ω

∂xβ

)
(A10.3.8)

Substituting Eqs. (A10.3.4) and (A10.3.8) into Eq. (Q10.3.1) gives Eq. (Q10.3.3).

(c) Using Eqs. (2.1.12), (2.1.17), (2.1.57), (2.2.4) and (Q10.3.4),

4ωa = − [∇ · (∇∧ ω)]a − [∇∧ (∇ · ω)]a (A10.3.9)

= −∇cg
cb (∇bωa −∇aωb)−∇a∇cg

cbωb (A10.3.10)

= −gcb∇c∇bωa + gcb (∇c∇a −∇a∇c)ωb (A10.3.11)

= −∇2ωa + gcbR d
cab ωd (A10.3.12)

= −∇2ωa +R b
a ωb (A10.3.13)

(d) Eq. (1.3.48) is
∇∧G = J (A10.3.14)

and using Eqs. (Q10.3.5) and (2.1.56) gives

−∇ · F = ∗−1J (A10.3.15)

Substituting Eqs. (A10.3.15) and (1.3.47) into Eq. (Q10.3.1) gives Eq. (Q10.3.6).

(e) Eqs. (A10.3.15) and (1.3.49) give

−∇ · (∇∧ A) = ∗−1J (A10.3.16)

Substituting Eqs. (Q10.3.7) and (A10.3.16) into Eq. (Q10.3.1) gives Eq. (Q10.3.8).
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