PH211 Physical Mathematics Fall 2019

Homework 10 - Curvature

Q10.1. Calculate
(VaVp — VpVa) 0° (Q10.1.1)

in two different ways, and hence show that
Rabeda = —Rabdc (Q1012>
Find all possible distinct contractions of the metric with the curvature tensor.

A10.1. Using Eq. (2.2.4),

(vavb - vaa) Ve = gce (Vavb - Vbva> Ve = gceRabedUd = gcefiabedvd

(A10.1.1)
and
0 = (VaVp — VpVa) (vwa) (A10.1.2)
= Wwq (VaVb — vaa) v + v (VaVb — VbVa) wd (A1013)
= we(VaVh — VbVa) 1° + 19 Rapawe (A10.1.4)
therefore
(VaVb — vaa) V¢ = —Rabdcvd = —gceRabde’Ud (A1015)
Comparing Eqgs. (A10.1.1) and (A10.1.5) gives Eq. (Q10.1.2).
Eq. (2.2.4) implies
Rabcd = _Rbacd (A1016)
and Eqgs. (A10.1.6) and (Q10.1.2) imply
ngRcdab = ngRabcd =0 (A1017)
and
QCdRacbd - _ngRacdb - _QCdRcabd - ngRcadb = Rab (A1018>
which is called the Ricci tensor. Further
9" Rap = R (A10.1.9)
which is called the Ricci scalar.
Q10.2. Use the curvature tensor identity
Rabcd + Rbcad + Rcabd =0 <Q102].)
to show that
Rabea = Redab (Q1022>
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A10.2. Using Egs. (Q10.2.1), (Q10.1.2) and (A10.1.6),

0 = 9de (Rabce + Rbcae + Rcabe)
= Rabcd + Rbcad + Rcabd

Rabcd - Rbcda - Rcadb
Rabcd + Rcdba + Rdbca + Radcb + Rdcab

= Rabcd - Rcdab - Rdbac - Radbc - Rcdab
= Rabcd - Rcdab + Rbadc - Rcdab
= 2 (Rabcd - Rcdab)
Q10.3. The operator A acting on an n-form w is defined by
Aw=-YVANNV w-V-(VAw)
(a) Express Aw in terms of
V2= gabvavb
(b) Show that
1 0 Ow
Aw = — — Ny ==
“ €1..n Ox® (El N9 81:5)
(c) Express Aw in terms of
V2 — gabvavb
(d) Using
G = +F
show that
AF =YV N L J
(e) In Lorentz gauge
V-A=0
show that
ANA = >x<_1é
A10.3. (a)
V-w=0
and, using Eqgs. (2.1.12), (2.1.16) and (2.1.57),
V- (VAw) = Vpg®*?*Vaw = Vw
therefore
Aw = —V3w
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(b)
Vow=0 (A10.3.4)
while Eq. (1.5.22) gives
ow
_ B
VAw= 5mhE (A10.3.5)
using
g*Pel = g*hed (A10.3.6)
gives
ow
— 08 >
oVAw=g 5 e (A10.3.7)
and using Eq. (Q6.2.1) gives
1 0 ow
. — _ aB ~ 7~
V- -oVAw P (61...Ng 8x5) (A10.3.8)

Substituting Eqs. (A10.3.4) and (A10.3.8) into Eq. (Q10.3.1) gives Eq. (Q10.3.3).
(c) Using Egs. (2.1.12), (2.1.17), (2.1.57), (2.2.4) and (Q10.3.4),

Awa = —[V-(VAw), - [VA(V-w), (A10.3.9)
= Vg (Vpwa — Vawp) — VaVeg™Pwp (A10.3.10)
= —¢®VVpwa + ¢ (VeVa — VaVe) wh (A10.3.11)
= —Vwa + R o, wa (A10.3.12)
= V. + R wp (A10.3.13)

(d) Eq. (1.3.48) is

VAG=J (A10.3.14)
and using Eqgs. (Q10.3.5) and (2.1.56) gives
-V -F=x"J (A10.3.15)

Substituting Eqgs. (A10.3.15) and (1.3.47) into Eq. (Q10.3.1) gives Eq. (Q10.3.6).
(e) Egs. (A10.3.15) and (1.3.49) give

-V (VAA) =x1] (A10.3.16)

Substituting Eqgs. (Q10.3.7) and (A10.3.16) into Eq. (Q10.3.1) gives Eq. (Q10.3.8).
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