
PH211 Physical Mathematics Fall 2019

Homework 11 - Christoffel symbols

Q11.1. Show that
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and hence derive Eq. (2.2.9) and show that, for zero torsion and in a coordinate
basis,

Γγαβ = Γγβα (Q11.1.2)
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therefore
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and hence
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For zero torsion and in a coordinate basis,
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therefore from Eq. (A11.1.2)
Γγαβ = Γγβα (A11.1.5)

Q11.2. Derive Eq. (2.2.10).

A11.2. Eqs. (2.2.2) and (Q11.1.1) give
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where subscript , α denotes the partial derivative with respect to xα. Therefore
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Therefore, using Eq. (Q11.1.2)
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Q11.3. Express the curvature tensor in terms of the Christoffel symbols.

A11.3. Using Eqs. (2.2.4) and (Q11.1.1),
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Therefore, using Eq. (2.2.7),
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where Eq. (A11.3.7) assumes a coordinate basis and uses Eq. (Q11.1.2).

Q11.4. Let ear and eaθ be the coordinate basis vectors associated with polar coordinates in
two dimensional Euclidean space, and ear̂ and ea

θ̂
be the orthonormal basis vectors

proportional to ear and eaθ .

(a) Calculate the Γγαβ for the coordinate basis.

(b) Express the velocity and acceleration in terms of the coordinate and orthonor-
mal bases.

(c) Write down the equation of a geodesic in the coordinate basis and check that
the geodesics are straight lines.

A11.4. (a) Using Eqs. (A11.2.7) and (2.1.33), the only non-zero derivative of the metric
components is

∂gθθ
∂r

= 2r (A11.4.1)

therefore

Γrθθ = −r , Γθrθ = Γθθr =
1

r
(A11.4.2)

and others zero.

(b) Eqs. (2.2.11) and (A8.1.8) give

va =
dxα

dt
eaα = ṙear + θ̇eaθ (A11.4.3)

= ṙear̂ + rθ̇ea
θ̂

(A11.4.4)
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and Eqs. (2.2.12) and (A11.4.2) give

aa =

(
d2xα

dt2
+ Γαβγ

dxβ

dt

dxγ

dt

)
eaα (A11.4.5)
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(c) The geodesic equation is
aa = 0 (A11.4.8)

therefore

r̈ − rθ̇2 = 0 (A11.4.9)

rθ̈ + 2ṙθ̇ = 0 (A11.4.10)

corresponding to straight lines, though not obviously so.
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