PH211 Physical Mathematics Fall 2019

Homework 11 - Christoffel symbols

Q11.1. Show that

Vaey, = —T7 se2ep (Q11.1.1)
and hence derive Eq. (2.2.9) and show that, for zero torsion and in a coordinate
basis,

s =15, (Q11.1.2)
Al1.1.
0= Vad} = Va (€5ed) = (Vaeh) el + € (Vael) (A11.1.1)
therefore
Vaey, = —¢p (Vae§) €l = —eplSzel = —Flﬁegeg (A11.1.2)
and hence

Vawp = Va <w,3€€) = (Vawg) ep +w,Vae), = (— — erlﬁ) el (A11.1.3)

For zero torsion and in a coordinate basis,

Vae = VaVpz? = VpVaz? = Vel (A11.1.4)
therefore from Eq. (A11.1.2)
r, =17, (A11.1.5)
Q11.2. Derive Eq. (2.2.10).

Al11.2. Egs. (2.2.2) and (Q11.1.1) give
0 = Vagbe (A11.2.1)
A (A11.2.2)
= gmracacned — 9L aped — 9pveplac (A11.2.3)

where subscript , o denotes the partial derivative with respect to x®. Therefore

v = GivL s + 9pT oy (A11.2.4)

and

JoBy + Jory,8 — YB7,a
= 95800 + 9asT25 + 95y Tha + 9asThy — 95oTos — gasl oy, (A11.2.5)
= gas (I35 +13,) + 95y (D50 — Tag) + 985 (M50 — o) (A11.2.6)

Therefore, using Eq. (Q11.1.2)

o 1 O
By — 59 ’ (955,7 + 95v,8 — gﬂv,é) (A11‘2‘7)
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Q11.3. Express the curvature tensor in terms of the Christoffel symbols.

A11.3. Using Egs. (2.2.4) and (Q11.1.1),

Rape’ed = (VaViy — VpVa) el = VI + VI, (A11.3.1)

e

Therefore, using Eq. (2.2.7),

= —VaId +rdre +vprd —1d e (A11.3.2)
= —VaIg + 10 Vaed + VpI'd, — T Vyed (A11.3.3)
Rape? = —e§V.IN . +edV,l?, (A11.3.4)
= —edv, <ngeﬁeZ) + 8V, (T2, e2ed) (A11.3.5)
o 1) 4 e 4 Te 1) 4 Te 0 Te
- (_varﬁv + Fsvraﬁ + FBEFOW + vﬂrav o Fevrﬁa o Fasrﬁv)
x elepeled (A11.3.6)
= (=Valy, —T0.0%, + Valo, + T3 T% ) eaepeles (A11.3.7)

where Eq. (A11.3.7) assumes a coordinate basis and uses Eq. (Q11.1.2).

Q11.4. Let €2 and e} be the coordinate basis vectors associated with polar coordinates in
T 0
two dimensional Euclidean space, and e and e be the orthonormal basis vectors
proportional to e and ej.

(a) Calculate the I'} ; for the coordinate basis.

(b) Express the velocity and acceleration in terms of the coordinate and orthonor-
mal bases.

(c) Write down the equation of a geodesic in the coordinate basis and check that
the geodesics are straight lines.

Al11.4. (a) Using Egs. (A11.2.7) and (2.1.33), the only non-zero derivative of the metric
components is

99s0
— =2 Al1.4.1
o = 2 ( )
therefore .
Ihy=—r , I =09 == (A11.4.2)
r
and others zero.
(b) Egs. (2.2.11) and (A8.1.8) give
dz® :
v = %63 = re> + Oep (A11.4.3)
= red+ Té’ez (A11.4.4)
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and Eqgs. (2.2.12) and (A11.4.2) give

A2z dx® dx?

a _ po dr7drTy Al11.45
¢ (dt?jLﬁth dt)eo‘ ( )

. . 270
_ (7’ . 7,,92) 6? + <9 + L) @2 (A1146)

T
= (i =) ex+ (v0+2i0) 3 (A11.4.7)

(¢) The geodesic equation is
=0 (A11.4.8)
therefore

i—r6? = 0 (A11.4.9)
rf+2/0 = 0 (A11.4.10)

corresponding to straight lines, though not obviously so.
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