
PH211 Physical Mathematics Fall 2019

Homework 12 - Calculus of variations

Q12.1. The action functional

S[x(t)] =

∫ tf

ti

L(x, ẋ, t) dt (Q12.1.1)

can be varied either covariantly

δS

δxa
=

∂L

∂xa
− d

dt

(
∂L

∂ẋa

)
(Q12.1.2)

or with respect to the coordinate paths

δS

δxα
=

∂L

∂xα
− d

dt

(
∂L

∂ẋα

)
(Q12.1.3)

(a) Show that
δS

δxa
=

δS

δxα
eαa (Q12.1.4)

(b) Evaluate Eqs. (Q12.1.2) and (Q12.1.3) for

L =
1

2
mgabẋ

aẋb − V (x) (Q12.1.5)

and show that they are equivalent.

A12.1. (a)

δS

δxa
=

∂L

∂xa
− d

dt

(
∂L

∂ẋa

)
=

∂L

∂xα
eαa +

∂L

∂ẋα
ėαa −

d

dt

(
∂L

∂ẋα
eαa

)
=

[
∂L

∂xα
− d

dt

(
∂L

∂ẋα

)]
eαa

=
δS

δxα
eαa (A12.1.1)

(b)

L =
1

2
mgabẋ

aẋb − V (x) (A12.1.2)

therefore

d

dt

(
∂L

∂ẋa

)
− ∂L

∂xa
=

d

dt

(
mgabẋ

b
)

+
∂V

∂xa

= mgabẍ
b +∇aV (A12.1.3)

In components

L =
1

2
mgγδẋ

γẋδ − V (x) (A12.1.4)
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therefore

d

dt

(
∂L

∂ẋα

)
− ∂L

∂xα
=

d

dt

(
mgαβẋ

β
)
− 1

2
m
∂gγδ
∂xα

ẋγẋδ +
∂V

∂xα

= mẋε
∂gαβ
∂xε

ẋβ +mgαβẍ
β − 1

2
m
∂gγδ
∂xα

ẋγẋδ +
∂V

∂xα

= mgαβẍ
β +

1

2
m

(
∂gαγ
∂xδ

+
∂gαδ
∂xγ

− ∂gγδ
∂xα

)
ẋγẋδ +

∂V

∂xα

= mgαβ

(
ẍβ + Γβγδẋ

γẋδ
)

+
∂V

∂xα
(A12.1.5)

which is the component form of Eq. (A12.1.3).

Q12.2. The action functional for a scalar field can be expressed either geometrically

S[φ(x)] =

∫
L(φ,∇φ, x) ε (Q12.2.1)

giving the geometric Euler-Lagrange equation

∇a

[
∂L

∂(∇aφ)

]
− ∂L

∂φ
= 0 (Q12.2.2)

or in terms of coordinates

S[φ(x)] =

∫
L(φ, ∂φ, x)

√
|g| d4x (Q12.2.3)

giving the coordinate Euler-Lagrange equation

∂α

[
∂L

∂(∂αφ)

]
− ∂L
∂φ

= 0 (Q12.2.4)

where the Lagrangian density

L =
√
|g|L (Q12.2.5)

(a) Show that Eqs. (Q12.2.2) and (Q12.2.4) are equivalent.

(b) Evaluate Eqs. (Q12.2.2) and (Q12.2.4) for

L =
1

2
gab (∇aφ) (∇bφ)− V (φ) (Q12.2.6)

and show that the resulting equations are equivalent.

A12.2. (a) Eqs. (Q6.2.1) and (2.1.50) and

∂L

∂(∂αφ)
= eαa

∂L

∂(∇aφ)
(A12.2.1)
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give

∇a

[
∂L

∂(∇aφ)

]
=

1√
|g|

∂α

[√
|g| ∂L

∂(∂αφ)

]
(A12.2.2)

therefore

∇a

[
∂L

∂(∇aφ)

]
− ∂L

∂φ
=

1√
|g|

{
∂α

[
∂L

∂(∂αφ)

]
− ∂L
∂φ

}
(A12.2.3)

(b)

L =
1

2
gab (∇aφ) (∇bφ)− V (φ) (A12.2.4)

therefore

∇a

[
∂L

∂(∇aφ)

]
− ∂L

∂φ
= gab∇a∇bφ+

∂V

∂φ
(A12.2.5)

In components

L =
√
|g|
[

1

2
gαβ (∂αφ) (∂βφ)− V (φ)

]
(A12.2.6)

therefore, using Eqs. (Q10.3.2), (A10.3.3), (Q10.3.3) and (2.1.50),

1√
|g|

{
∂α

[
∂L

∂(∂αφ)

]
− ∂L
∂φ

}
=

1√
|g|

∂α

(√
|g| gαβ∂βφ

)
+
∂V

∂φ
(A12.2.7)

= gab∇a∇bφ+
∂V

∂φ
(A12.2.8)
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