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1.5 Bases and coordinates

1.5.1 Bases and components

It is often convenient to choose a complete set of independent basis vectors €, where
a=1,...,N labels the basis vectors and N is the dimension of the space, and express
a general vector v as a linear combination of the basis vectors

N

U= v, (1.5.1)

a=1

The scalars v* are the components of the vector v and depend on the choice of basis
€,. We will use the summation convention for repeated component indices, so that the
summation sign above is not explicitly written

U =0, (1.5.2)
A vector basis €, naturally induces a covector basis e®, or vice versa, via
e ép =03 (1.5.3)
A covector is expressed in components as
W= wee” (1.5.4)
and a covector contracted with a vector as
WU = wev” (1.5.5)

In three dimensions, a 2-form is expressed in terms of a differential form basis as

w = wpe Al +tuwpue’ A’ fwze’ Ae! (1.5.6)
1 «
= st A éP (1.5.7)

where the factorial is needed to compensate for the index permutations. More generally,
an n-form w is expressed as

1

W= —Wapa, €N A ET (1.5.8)
n!

and similarly for multivectors. The differential form and multivector bases are orthonor-
mal to each other, generalizing Eq. (1.5.3),

(€™ A ne™) - (€p Ao N E5,) =05l 5" (1.5.9)
and more generally
1 o )
= )|(5§11,.,g:7m“ e, N NE, form<n
(€ A A (@ A nEs) =4 T
n m SO Qm
(m —n)! et el 'YiJrl“"YmBl“'Bn for m >n
(1.5.10)
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where the generalized Kronecker delta (52‘11 5. has the property

O e = Wt (1.5.11)

and is antisymmetric with respect to both sets of indices

( gll forn=1

oo 05, 05y — 03, 057 for n = 2

561...,Bn = g | g g 4 g g (1.5.12)
B1 " B2 B3 B2 7 B3 " p1 + B3~ B1 " B2

OO — B - SR forn =3

The volume form has a single component
e=c..ye' A AEY (1.5.13)
The magnitude of
€1..N — €+ (51/\.../\5]\]) (1514)

is the physical volume of the basis volume element €; A... A€y, and its sign corresponds
to the orientation of the basis relative to that of the space, and is conventionally fixed
by taking €;..y > 0. Egs. (1.4.1) and (1.5.13) give
1
-1

€ = e N...NEx (1.5.15)
€1...N

The components of the volume element and form are related to the generalised
Kronecker delta via the Levi-Civita identities

1
—(N — n)' 6—1a1 QanYn+1 WN651~~-67L%+1"'7N — 5;1154: (1.5.16>

1.5.2 Coordinate bases
A coordinate system x® induces a covector coordinate basis via
e* =V Azx® (1.5.17)

and the corresponding vector coordinate basis induced by Eq. (1.5.3) expands an in-
finitesimal displacement as

dr = dz°¢, (1.5.18)

where dz® is the infinitesimal change in the coordinate z®. Inverting Eq. (1.5.18) gives
Oz

e, = 1.5.19

Ca =53 ( )

Note that a coordinate basis covector e® is defined purely in terms of its coordinate
x®, with its plane tangent to the constant x® surfaces and its magnitude given by the
density of the surfaces, while a coordinate basis vector €, requires the full coordinate
system, with its line tangent to the intersection of the constant %, 3 # «, surfaces and
its magnitude given by the separation of the z¢ surfaces. See Figure 1.5.1.

[0}
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1 y+dy
e¥/dy dy €,
dx €,
Y
Figure 1.5.1:  The coordinate basis covectors and ¢’ are given by the = and y

contours respectively. The coordinate basis vectors €, and ¢, lie along the y and
contours respectively, and span the = and 1 contours respectively.

Exterior derivative in a coordinate basis

In a coordinate basis

e* =V Az® (1.5.20)
and so
VANe*=VAVAZ*=0 (1.5.21)
therefore the exterior derivative of an n-form w in a coordinate basis is
1 Owsg, ...
VAw= —Mgo‘/\gﬁ1 AL Aen (1.5.22)
n! Oz~
For example, in three dimensions
vhw = (%_3_) M\ e ) e T e o ) C e
(1.5.24)
Owas Owsy Owig 1 2 3
VAw = <8x1 + 97 + 9 e Ne“ANe (1.5.25)
Integration in a coordinate basis
The integral of an n-form
1
W= —Wqa, €N NE™ (1.5.26)
n!
over an n-surface S with infinitesimal surface element
1
dsS = gt dSTM €y AL €y, (1.5.27)
n!

1S
1
/w = /w -dS = / — W an dSeren (1.5.28)
s s s T

Ewan Stewart 22 2019/11/12



PH211 Physical Mathematics Fall 2019

N

If we choose coordinates z® such that 2"t ..., 2" are constant on S, then

st =dxt ... da" (1.5.29)

and Eq. (1.5.28) simplifies to

/w = /wl...n dat ... dx" (1.5.30)
S s

Similarly, the integral of a scalar ¢ over a volume V' becomes

/que:/V<be-dV:/V¢el...Nda:l...de (1.5.31)
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