Chapter 2

Differential geometry

2.1 Lengths and angles

2.1.1 Abstract index notation

The notation v, w, ... works well for multivectors and differential forms but is inadequate
for more general tensors. Instead, we will use the abstract index notation in which
a vector U is written v® and a covector w is written wy

U < 12, w & wa (2.1.1)

The abstract index a denotes the tensorial nature of the quantity by its position and
does not take specific values. A contraction is denoted by repeated indices

WU 4 wat? (2.1.2)

A tensor can have an arbitrary number of vector and covector indices ch}’,[j' and is
expressed in components as

Tab — T;Xf.'_"ezeg cele ... (2.1.3)

Note the difference between the two index notations. The abstract indices denote the
tensorial nature of 722" while the component indices label the components T;"f T and
basis vectors €, and covectors e, and are summed over in the above equation.

A tensor Ty can be decomposed into symmetric and antisymmetric parts

Tab = T(ab) + Tlab] (2.1.4)

where round brackets denote the symmetric part
1
Tlab) = 5 (Tab + Toa) (2.1.5)

and square brackets denote the antisymmetric part

1 (Tab - Tba) (216)

ﬂab] = 9
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An n-vector is an antisymmetric tensor with n vector indices and an n-form is an
antisymmetric tensor with n covector indices, for example

T < ol W & Wab| (2.1.7)

A differential form can be expressed in components as a general tensor

Wiay-an] = Way--anCa; - - - Car (2.1.8)

but is more naturally expressed in terms of a differential form basis

1

Wiay-an) = —War-ay Car N ... Negh (2.1.9)

and similarly for multivectors.
The contraction of a differential form with a multivector is

- 1 = 1
w - U gw[ab]v[ab] ;W U & Ew[abc]v[bc}
~ 1' o 1’ (2.1.10)
= b = b
w-v & Ew[ab}v[a o w-U ﬁw[abc]v[a cl
and more generally the contraction of an m-form w with an n-vector v is
1
%w[bl--.bm]v[bl"'bma’““'"a"] for m <n
w-v & ’ (2.1.11)
L [b1-ba] >
Wlans1-amby byl U orm>mn
The divergence of a multivector follows the same pattern
V-v < VpylPazranl (2.1.12)
The exterior product of differential forms is
WAT 4 Walp — Wp0Oa (2.1.13)
w AN g £ WaO[bc| + WhOlca] T WeOlab) (2.1.14)
and more generally the exterior product of an m-form w with an n-form o is
(m+n)!
WAoo Ww[al-“amabr"bn} (2115)

and similarly for multivectors. The exterior derivative follows the same pattern

VAp < Va0 (2.1.16)
Z Nw < Vawb — waa (2117)
VA W < Vaw[bc} + wa[ca] + Vcw[ab] (2.1.18)

and more generally the exterior derivative of a n-form w is

VAw (n + 1)V[awb1...bn] (2119)
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2.1.2 Metric

The metric g,p, and inverse metric ¢2P define lengths and angles in a space. They are

symmetric tensors

gab = gba ; g =g" (2.1.20)

and related by
9" goe = 02 (2.1.21)

where the identity tensor dp has the property
2P =02 | 6Pwp = wa (2.1.22)

and similarly for other tensors.
The metric gives the inner product of vectors and covectors

0T = gapt®® |, w-o=¢*w,op (2.1.23)
and more generally of n-forms
1 ai1by apnbn
W o = E g ... g Wlay--an]9[b1-bn] (2.1.24)

and similarly for n-vectors. Note that these inner products depend on the metric, in
contrast to the contraction of an n-vector with an n-form. The inner product of two
n-vectors or n-forms can be expressed as

u-v = |u||v|cosb (2.1.25)

where 6 is the angle between u and v.
The metric induces a metric duality ¢ between vectors and covectors

e = gant" U7 = g (2.1.26)
w® = gabwb y Wa = gabwb
and more generally n-vectors and n-forms
Ulay-an] = Yaiby - - - Janbn plP1Pnl (2.1.27)
wirranl = b ganba g, (2.1.28)
For example, the traditional vector representation E of the electric field FEis
E? = ¢** By (2.1.29)
More generally, the metric can raise or lower indices on any tensor !
T2, = gpe 1™ (2.1.30)

Tt is important to maintain the horizontal position of the indices if the tensor is not symmetric
since T?, = gbeT?° # g1 = T2 if T2¢ £ T2,
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The inner product of basis vectors is
€y - €3 = gabezeg = §ap (2.1.31)

An orthonormal basis has metric components g,s = do3. In a coordinate system z?,
the length ds of an infinitesimal displacement dz® can be expressed as

ds? = gapdr?dz® = gagdwadxﬁ (2.1.32)
For example, in Cartesian coordinates in two dimensional Euclidean space
ds® = dz® + dy? (2.1.33)

and so the components of the metric are g,, = ¢y, = 1 and g,, = 0. In polar coordinates

ds® = dr* + r*do? (2.1.34)
and so ¢, = 1, gegy = r* and g,y = 0. Cartesian bases are the only orthonormal

coordinate bases and they exist only in flat spaces.
The identity tensor on the space of n-forms and n-vectors

[ar-an] [a an|
5[b1--~bn] =nl! (5[b1 e §bn] (2.1.35)
has the property
1 fayan] ibe.. L ([by b,
Eé[[ziabn]]v[bl bn] - U[al an} ’ mé[[allan]}w[blb“} = w[al'"an] (2136)
and can be expressed in components as
Spranl = ogisn et el el ey (2.1.37)
1
i a1-Qn a an B Bn
= o5 o (eai AN ean> (ebll AN ebn) (2.1.38)
1
:;ﬂQAmA@ﬂ%AmAQ) (2.1.39)

The metric on the space of n-forms and n-vectors is

b1--bn
Ylai--an][c1-en] = YJaiby - - - Janby 5[[.311...0“]] (2.1.40)

The metric and inverse metric are related by

L lag-an][b1-ba]

i — gl
n:

giby-buller-cn] = ey .cn] (2.1.41)
The inner product of two n-forms is

n.

and similarly for n-vectors, and metric duality between n-vectors and n-forms is

W o = Wlay--an]9[b1-bn] (2.1.42)

1
Vlay--an] = ﬁg[al...an}[bl...bn]v[bl b (2.1.43)
far-an] — L faran]bi--ba)
w =19 Wby -] (2.1.44)
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2.1.3 Metric and volume form

The volume form determines volumes and orientations but not lengths or angles, while
the metric determines lengths and angles, and hence volumes, but not orientations.
Thus the volume form is determined up to its orientation by the metric. Explicitly,
Eq. (1.4.1) generalizes to

1N by = O] (2.1.45)
and lowering indices gives
€t € = (2.1.46)
[a1-an]E[P1--bn] = Jlai-an][b1--bn]
therefore
€[a;-an]€[b1-bn] = (6 . 6) Jlas-an][b1--bn] (2.1.47)

—1
[a1--an]

that can arise in spacetimes. Now, taking components of Eqs. (2.1.40) and (2.1.47), the
determinant of the metric components

where € - € = &1 is needed because of sign differences between €, ...ay) and e

2

€]...
9= grn.y = == (2.1.48)
€€

and so
€-€=sgng (2.1.49)

and
€1..N =/ ’gl (2150)

Contracting Eq. (2.1.45) gives

1 aranonssee
T LN o] = O] (2.1.51)

corresponding to the Levi-Civita Kronecker delta relation.

Hodge duality

Combining metric duality ¢ between n-forms and n-vectors with volume duality x be-
tween n-vectors and (N — n)-forms, see Section 1.4.1, gives a mapping between n-forms
and (N — n)-forms called the Hodge dual

* = %O (2.1.52)

For example, the tensors &, and éo_l in Egs. (1.3.2) and (1.3.3) are

6ofab] = €o€[abd]gd° (2.1.53)
_1[bc _ ec
,uoli1 = Molﬁ[ade]gdbg (2.1.54)
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s0, in natural units in which gy = py' = 1, Egs. (1.3.2) and (1.3.3) become

— sE+P (2.1.55)
*B — M (2.1.56)

= I

Also, following Eq. (1.4.7), the divergence of an n-form w is 2
V- w=0oV.ow=(-1)""1%1VAxw (2.1.57)

In three dimensions, the volume %, metric ¢ and Hodge * dualities can be used to map
any antisymmetric tensor into either a scalar or a vector, see Figure 2.1.1. This is why

¢ —"
3 ﬁvy 3
N\

3 5‘7/%2 3
1 ¢ — g 1
Figure 2.1.1: In three dimensions, the volume %, metric ¢ and dualities can

be used to map any antisymmetric tensor into either a scalar or a vector.

traditional vector calculus works in three dimensions. However, this is not true in four
or more dimensions. In particular, in four dimensions Hodge duality maps two-forms
non-trivially into two-forms.

2The mathematical notation for V - w is —dw where ¢ is the codifferential.
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