PH211 Physical Mathematics Fall 2019

2.2 Tensor calculus

2.2.1 Covariant derivative

The covariant derivative V, is a derivative operator and hence is linear and obeys
the Leibnitz rule. Its action on a scalar is given by Eq. (1.1.8)

dx®Va¢ = do (2.2.1)
and it has the key property
Vagbe =0 (2.2.2)
since the metric is used to measure changes. One more condition is needed to uniquely
define the covariant derivative, the zero torsion condition

which has the geometrical interpretation that parallel transported vectors, i.e. vectors
transported such that their covariant derivative is zero, form closed parallelograms.
Covariant derivatives do not commute when acting on tensors

(VaVp — VpVa) we = Ry, twq (2.2.4)

since parallel transport of tensors in a curved space is path dependent. R, .4 is the
curvature tensor, which is zero if and only if the space is flat.
In a coordinate basis, the covariant derivative acting on a scalar has components

9¢

Vap = o 2.2.5
6= (225
Acting on a vector
V.t =V, (vﬁeg) = (Vav”) ef+ vﬁVae; (2.2.6)
Vav? is given by Eq. (2.2.5) and we define
Vaeg =5 = [ geqes (2.2.7)

where the ' ; are the Christoffel symbols '. Then

.,

Vot = (% + Fgﬁvﬂ) ele (2.2.8)
0

Vawp = (8:5 — Flﬁwv) el (2.2.9)

and similarly for other tensors. Applying this to Eq. (2.2.2) we get an equation involving
the first derivatives of the metric components and the Christoffel symbols which can be

inverted to give
1 09sa , O 99a
Flﬁz—gW‘S( oo | 2936 _ 70 5) (2.2.10)

2 orP  Ox“ oxd

I'Note that re, =17 Begetﬂ)efy is a tensor derived from a particular basis and so is a basis dependent
tensor.
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2.2.2 Acceleration and geodesics

The motion of a particle in a space is described by a curve x(t). The particle’s velocity

a

pr = B0 AT (2.2.11)

T at

is the tangent vector to the curve. The particle’s acceleration is

dv? dv®
oot (% N Fngﬁm) e (2.2.12)
where we have used e
% = 'Ubeez = Uﬁrgae: (2213)

Note that the velocity is the ratio of the infinitesimal vector dx® and the infinitesimal
scalar dt, while the acceleration is the derivative of the vector v?. If the acceleration is
proportional to the velocity then the particle follows a geodesic, the generalization of
a straight line to curved spaces. Further, if the parameterization of the curve is chosen
such that the acceleration is zero then the parameter is affine and is proportional to
the length along the curve. Thus an affinely parameterized geodesic x(s) obeys the
geodesic equation

d?z? >z dx? dx
= s a — 2.2.14
ds? ( ds? Tl ds ds ) ¢a =0 ( )

2.2.3 Covariant partial derivatives

The covariant partial derivatives 0/0xz* and 0/04® are derivatives at fixed velocity
and position respectively. Acting on a (possibly tensorial) function purely of position,
0/0x® reduces to the covariant derivative V, while 0/03® gives zero. They have the
basic properties

OxP b 0P
ora a ToOxr 0

(2.2.15)
R

We can use the chain rule to express the covariant partial derivatives in terms of the
coordinate partial derivatives 9/0x and 9/01*

i ox® 0 N oz 0
or2 Ox2 0x®  Ox2 01
0 ox® 0 oz 0

9in . 0idze | 9in 0ge (2.2.17)

(2.2.16)
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with
gxa = Var® = e (2.2.18)
X
81':04 a :b _« - b « - b let et
m — om (iPep) = i°VaVpa® = iPVpVaz® = €2 (2.2.19)
gia — 0 (2.2.20)
i O by 0
g~ g () = ggth = 2220
Therefore
(07 a c QY
g~ “@gze g (2:2.22)
0 L0
52 = Caa (2.2.23)
or inverting
0 L0 L0
Den = Copgn T g (2.2:24)
0 0
7 _ a9 2.2.2
oie ‘e 9in (2.2.25)

Note that 0/0z® and 0/0x* are derivatives at fixed velocity #* and velocity component
1“ respectively, hence their complicated relationship, while both 9/0%* and 0/0%® are
derivatives at fixed position, hence their simple relationship.
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